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Abstract

In arecent paper, we investigated factorization propedféiermite subdivi-
sion schemes by means of the so—callagor factorization This decomposition
is based on a spectral condition which is satisfied for exarpkll interpolatory
Hermite schemes. Nevertheless, there exist examples afitéeschemes, espe-
cially some based on cardinal splines, which fail the spé&ctindition. For these
schemes (and others) we provide the concept afeareralized Taylor factoriza-
tion and show how it can be used to obtain convergence criteridnékHermite
scheme by means of factorization and contractivity.
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1 Introduction

Hermite subdivision schemes operate by applying matrix schemes to vectartoata
the entries of the vector represent the value of an underlying functiba eonsecutive
chain of derivatives of that function. As appropriate notational cotiwa for these ob-
jects, vectors irR" will be labeled by lowercase boldface lettergas [y;],_,  and
matrices inR"*" will be written as uppercase boldface letters, like= [a;i],,_; .

By A € (7" (Z), we also denote a multindexed sequence of matrices, that is, for
all o € Z the sequence elemed(e) = [a;r()];,_, . is anr x r matrix. Any
such sequence will be callechzaskprovided that it is finitely supported, that is, there
existsN € N such that

supp A:={a€Z : A(a)# 0} C[-N,N].

To any maskA we associate thetationary subdivision operatofs : (" (Z) —
(" (Z), defined as

Sac(a):=> A(a—28)c(B), cecl(Z). (1)
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Now we define thédermite subdivision schenté4. Starting withf,, € (4+1(Z),
for n € Ny, we definef,, ., € ¢4*1(Z) by

D", () = SaD"f,(a) = > A(a—28) D" f,(8), 2)

BEZ

where

N[

1
2d
is the diagonal matrix with diagonal entrigs’, respectivelyj = 0, ..., d.
For the iterated application of the Hermite subdivision scheme, the first ca@npon
fﬁlo) (8) can be interpreted as the value of a functignat 3/2", while the next one,
%1)(@, describes the derivativg/,(3/2™), and so on, up to the last ongé'ﬁld) (8)
which is¢\? (8/2™),

2 The Taylor factorization

To introduce the definition of the spectral condition, we associate to amyidury <
C94(R) the vector sequenaeg; € (4+1 (Z) with

v(a) == ) , a €Z. 3)

A fundamental property of Hermite subdivision schemes issitectral conditiorin-
troduced in [3], which requires the existence of particglatynomialeigenvalues of
the stationary subdivision operat§y .

Definition 1 A maskA or its associated subdivision operatfy satisfies thespectral
conditionof orderd if there exist polynomialg; € 11, degp; = 7,5 =0, ...,d, such
that
Dj
1 Pj
Uj=Yp; = | : | (4)
(d)
J

SA’Uj = E’Uj,
where we will always assume thatis normalized such that;(z) = %xf +eee

It was proved in [3] that the spectral condition is also equivalent tetime ruleintro-
duced by Bin Han et al [6, 7].



Definition 2 TheTaylor operatofl,; and thecomplete Taylor operatcffvd of orderd,
acting on/(+1)(7) are

A -1 ... _7(djl)! _%_ A -1 - (dfll)! _5_
A : : B A
Td = -1 . y Td = 1
A 1 A -1
- 1 - L A -1

The following factorization result has been proved, among others, in\/¢} also
mention that, provided a factorization exists, the convergence of the Hewritt/s
sion schemdd 4 is equivalent to theontractivityof the stationary vector subdivision
schemeSg.

Theorem 3 If the maskA € ¢(d+1)x(@+1) (7) satisfies the spectral condition of order
d, then there exist two finitely supported magkand B in ¢(@+1)x(d+1)(7) such that

TySa = 2_dSBTd, and TdSA = 2_dS§Td. (5)

We conclude this section by giving two examples of Hermite subdivision schante
their associated complete factorizations.

2.1 AnInterpolatory Scheme ford = 1

We recall the interpolatory Hermite subdivision schef€!, proposed by Merrien
[8]. The convergence is detailled in [1]. The mask has support inclidéd1, 1]
with:

A(-1) = i [2(12_ p 4:] , A0) = % [(2) (1)] L A1) = % [_2(12_ ) —:ﬂ ,

For every choice of\ and ., the schemédd 4 reproduces affine functions so that it
satisfies the spectral condition with(z) = 1, p;(x) = x. According to Theorem 3,
there exists @omplete Taylor (vector subdivision) scheffjg associated with 4.

SinceT; = ﬁ _A} , the nonzero matrices of the mask of the complete Taylor
scheme are found to be
~ 1 2\ ~ o —p/2 =2\
B(0) = , B(1) = .
©) [(1—/0 u/2] @) [u—l 1—p/2



2.2 A Non Interpolatory Scheme fors = 1andd = 1

We build the de Rham transform [2] of the previous schefhg with support in
[—2, 1]. The respective non zero matrices are

A(-2) — LI244X1—p) 4N+ 2\p

o8 |4-2u—2u? PP +8A1—p)|’
A(-1) = 16 —4X1—p) 8\ — 2\

o8 |4—2u—2u? 2p+pt—8\1—p)|’
A(0) = 116 —4X1—p) =8\ + 2\

o8 A4 2u 20 2u+p?—8A(1—p)”
A() - 124401 —p)  —4X—2\p

o8 A 2u 2 248N —p))”

andH 4 satisfies the spectral condition with(z) = 1, p1(z) =  — 1/2. A complete
Taylor schemeSg is associated withf/ 4 and its mask has the following nonzero
coefficients:

B(-1) = L[244X1—p)  2XM24p)
o4 d-2p—2% P81 —p)]’

B(O) - 1[2p+2p% —8A1—p) —4N(1 — p) — pi?
4 0 21— 16A(1 — p) |’

E(l) . }_—2—%4)\(1—/1)—1—2#4-2/12 —6A — i — 2+ 2
4 —4 4 24 + 22 4—2pu—p2+8N1—p)|”

3 Cardinal spline functions

Cardinal splines, i.e., splines with integer knots, are a classical conc&ppioxima-
tion theory, cf. [13], which anticipated a lot of the later theory of approxiomaby
translation invariant spaces. Let us briefly recall some basics and settiettition.

3.1 Construction

Our presentation is based on a construction detailed by Michelli in [10]. Let

(z) = [ 1ifze]0,1],
PORES= X0 = 0if 2 ¢ [0, 1].
Forr = 1,2,..., we build ¢, by means of autoconvolution @5 = ¢g * ¢,—1 Or

or(z) = [y proa(t)dt.

By recursion, it is easily seen that := supfdy,) = [0,7 + 1], thaty, is a
C"~! piecewise polynomial of degreeand that the functiong,.(- — a), o € Z, form
a nonnegative partition of unity, i.e}__ ., ¢-(z —a) = 1 andy,(z — a) > 0.
Moreover,

1 r+1 i T if0<j<i
; _ , 2 — | = JHE—9)!
prlz) = o > ( N >90 (22 — a), <]> { 0 otherwise

Q€L



Consideringv(z) = >,z féo) (a)pr(z — @), which is a finite sum for any € R
sincey,(r —a) = 0if x — a ¢ [0, + 1], we deduce fom € Ny thatv(z) =

> acz F9a)p, (27 2 — o) where

AOEESY (Oj_*;ﬁ) B0 =Y arla—20)f00), el (6)
BEZ BEZ
that is,
T2\«

Moreover, the well-known derivative formula for cardinal B—splinddge

ar(@) 1 (T * 1>, a € Z. (7)

div
dat

(x) :ZQ”iAiféo)(a—i)cpr_i 2"r — ), 1=0,...,r—1. (8)
a€Z

We have a particular case whéer= r» — 1. Since the functiorp; is piecewise linear
. drl o
with o1 (@) = 6,4, we obtain (8/27) = 28 A FO (3 — v+ 1).

v
r—1

We conclude this short presentation by a theorem of convergencer@rhe2.2

page 63 in [10]): there exists a constaptsuch that

v(a/27) = 1£(0)] < 1 Avolloe

0
o (3 + 525) - 10| < F1A%0)

3.2 A Hermite subdivision scheme

Our goal is to give an example of a convergent Hermite subdivision sctieahdoes
not satisfy the spectral condition, hence does not admit a Taylor faatiomnzas de-
scribed in the preceding section. To that end, let us cheose d. With (6), we
have defined a scalar subdivision scheme, and the fragk )} from (7) has support
[0,r 4 1]

We define a Hermite subdivision scheme of orderith mask{ A(«)} and support
[0, + d + 1] by applying differences to the mask, yielding

ar(a) 0 ... 0
Aar(a—1) 0 ... 0

Ala) = :
Aa,(a—d) 0 ... 0

We begin withfy € ¢+ (Z) and f, € ¢! (Z) defined by (2) and notice that
2=t W) () = Y, Aay(a — 1= 20) /7 (8) = A (a — 1) so that for
n > 1,

f (@) = 2"Af10 (@ - 1). (9)

n

Similarly fori =2,...,d:

() =2mA O (o — ). (10)

n
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Now with (6) and (8), fom > 0,

d'v i n .
@) = S @@ ) =0

3.3 Spectral properties forr = 3

Forr = 3 andd = 2, the first row of the mask («) is given by

Q@ 01 2 3 4 5 6
8&00(04) 1 4 6 4 1 0 0
8awp(a) |1 3 2 -2 -3 -1 0
Sago(e) |1 2 -1 -4 -1 2 1

Let px, £ = 0,1,2, be defined bypy(x) = 1, p1(z) = = + 2 andps(z) =
1/2(2* + 4z + 11/3). One can check that 5, as(o — 26)px(8) = 2 *pi(a), and
with (9) and (10), that

pr(a) , pr(a)
fola) = |pj.(a) = fila)=1/2" | 2Apg(a—1) | .
Pil) 4A%pg (o — 2)

SinceApy(z) = pj(z) = 0 = A?py(z) = pi(x), Api(z) = pi(z) = 1, A?p(x) =
pi(x) = 0andApa(z) = o +5/2 # py(z) = x + 2, A’py(2) = py(z) = 1, and
since we haveD f1(a) = 5.7 A(a — 2) fo(8), we obtain

po(3) po(a)
> Al —28) |ph(B) | = |Ph(c)
BeZ o (5B) Po(@)
p1(B3) p1(a)
> Al —28) |pi(B)| =1/2 |ph(a)
ez pi(B) pi(a)
but
p2(3) pa(a) pa(a)
> A(a—28) |ph(B) | =1/4 |a+3/2] # 1/4 |ph(a) |,
pe. P5(8) pa(a) P (a)

hence, the spectral condition is not satisfied for the scheme.
Nevertheless, iR? is the triangular matrix ifR3*? defined by

1 0 0
R=10 1 -1/2],
0 0 1
we easily check that
Pr(B) pr(@)
> Al@=20)R |pi(B)| =1/2"R |pi(0)|, k=012
pez Pi(B) ()




4 Generalized Taylor factorization

Motivated by the above example, we slightly extend the concept of the apeairdi-
tion.

Definition 4 A maskA or its associated subdivision operatfp satisfies thgeneral-
ized spectral conditionf orderd if there exist a nonsingular matriR e R(¢+1)x(d+1)
and polynomial; € Il;, degp; = j, 7 =0, ..., d, such that

1
SaRv; = ngj, vj = vy, = o (11)
(d)
J
where we will always assume thatis normalized such that;(z) = %x] +ee
Theorem 5 If the maskA e ¢(4+1)x(d+1) (7)) satisfies the generalized spectral condi-

tion of orderd, then there exist two finitely supported magkg and B  in £(4+1) > (@+1)(7)
such that

TyR™'Sp =275, T;R™' and T;R'Sy= z—dngTdR—l. (12)

Proof: Let us defineAr = R™'AR or equivalently, for anyx € Z, Ar(a) =
R 'A(a)R. Thenforanyi = 0,...,d, we obtain

1
> A(a—2B)Rui(B) = 5 Bvi(e)

BEZ

&Y RAp(a—28)v:(8) = %Rvi(a)
BEZ

&> Ag(a—28)v,(p) = %vi(a)-
BEL

Hence the schemg 4, satisfies the spectral condition. Thus, by Theorem 3, there
exist two finitely supported mas#8r and B in ¢(¢T1)>x(4+1)(Z) such thalyS 4, =
274Sp, TyandT S, = 2*de§RTd which can be written as (12). O

5 Convergence

We begin by recalling some basic convergence concepts related to Herbdteision
schemes and their associated stationary schemes. These notions maverbdaced
and investigated in [9].

Definition 6 Let B € ("*" (Z) be a mask andp : ¢" (Z) — (" (Z) the associ-
ated stationary subdivision operator defined(ir). The operator is said to b&°—
convergentf for any datag, € ¢" (Z) and corresponding sequence of refinements

7



g, = Skg, there exists a functio, € C' (R, R") such that for any compadt’ C R
there exists a sequeneg with limit 0 that satisfies

s [lgu(e) = ¥ (270)|, < (13

Definition 7 Let A € ¢(+Dx(d+1) (7) pe a mask and{ 4 the associated Hermite
subdivision scheme aff*'(Z) as defined in(2). The scheme is callecbnvergenif
for any dataf, € (¢! (Z) and the corresponding sequence of refinemgfntishere

exists a functior® = [¢;];—9, 4 € C (R,R%"!) such that for any compadt’ C R
there exists a sequeneg with limit 0 which satisfies

max max
1=0,...,d a€ZN2" K

1(a) = 6; (27")| < . (14)

Theorem 8 Given a maskA € (?+1(Z) which satisfies the spectral condition. Sup-
pose that for any datg, € (¢! (Z) and associated refinement sequeifceof the
Hermite schemé/ 4,

1. the sequencg,,(0) converges to a limiy € R+,
2. (at least) one of the following two properties holds true:

(a) the associated Taylor subdivision schefe is C’—convergent and for
any initial datag, = Tyf,, the limit function¥ = ¥, € C (R,R%™)
satisfies

U= Lfd] g € C(R,R). (15)

(b) the associated complete Taylor subdivision scheés contractive that

is, it is C9—convergent and for any initial datg, = 7 f,, the limit func-
tion¥ =0 € C (R, R4,

ThenH 4 is convergent.

The construction of the limit functiof® of H 4 starts with a lemma in the special
cased = 1.

Lemma 9 Given a sequence of refinements

3% 2
h, = ) € (%(7Z)

n

such that

1. there exists a constanin R such thatim,, .|, h%o)(o) =,



2. there exists a functiofi € C (R, R) such that for any compact subsitof R
there exists a sequengg with limit 0 and

aeg}bai?mz (@) 5(2 a)’ = Hn (16)
n A7, 0) (1) <
Jhax |2 Ahy (a)hy, (04)( < - (17)

Then there exists for any compdcta sequencé,, with limit 0 such that the function

o(x) =c+ / &(t)dt, x €R, (18)
0
satisfies
(0) _ -n
_max n0)(a) = ¢ (27")| < 6. (19)

Proofs of Theorem 8 and Lemma 9 were given in [3] in the univariate @adea new
proof which works for any number of variables was provided in [9].

Theorem 10 Suppose that the mask € ¢?+1(Z) satisfies the generalized spectral
condition with a matrixR which is an upper triangular matrix with on the diagonal.
Let B be the associated stationary subdivision operator such that

TyR1'Sa =279Sp, TyR™'.
Moreover, assume that

1. for any dataf, € (?*! (Z) and associated refinement sequerfgeof the Her-
mite scheméT 4, the sequencg,,(0) converges to a limiy € R+,

2. Sg,, is C'—convergent and for any initial date, = 7, f,, the limit function
U =T, € C (R,RH) satisfies
0

\I/:[ ],wdeC(R,R). (20)
Ya

ThenH 4 is C%—convergent.

Before we prove the theorem, let us introduce a notation. For a comapactR
and a functionf € C (K, R) we will write the modulus of continuity as

w(f,h) = max _[f(x)— f(y)l

z,Y EK, |$_y|§h

SinceK is compact,f is uniformly continuous and this value tend<tavhenh tends
to 0.

Proof: The hypothesis. yields that for anyj < d the sequenc¢,(3)(0) converges to
y;. Let us defined recursively ag); = 14, and forj =d —1,...,0, as

1
qb](di) = ¢4 ‘|‘/0 l‘d)jJrl(tQ?)dt. (21)

9



Clearly, ® = [¢;]o<j<a is C° with ¢; = ¢jy1forj =0,...,d— 1. We will prove

that the sequencg,, converges tab.
Since R is an upper triangular matrix with on the diagonal, the matri® !,

whose components we denote by, j, k = 0,...,d, has the same property and we

obtain:

T,R!
A 1 —1/20 —1/3! ... —1/d!
0 A -1 —1/2! —1/(d—1)!
0 0 A -1 ..
0 A -1
- O 1 -
-1 ror To2 To3 .- Tod i
0O 1 79 73 ... 7T14
0 0 1 r23 ... T2d
X
0 1 Td—1d
- 0 1 -
(A —14+701A Sp2 + 702 Sp3 + 103 A So0d + TodA i
0 A —1+4+7rppA si3+risA ... sig+7114A
0 0 A —1 47193\ ... S9q+ rogA
0 A —14rg_14A
. O 1 -
where i
Tek .
Sjk:— Z m, ],kIO,...,d.
l=j+1 e

For initial dataf, € ¢4+ (Z), if we defineg,, = 2"T;R~'D"f,, we deduce for

n € Ny that
2("+1)deR_1D”+1fn+1 = 2T RTISAD"

gn—l—l
= 20 dymdgy T R'D"f, = SB,g,.
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and so we obtaig,, = (SB,)"g,. The components @f,, can also be written as

d
n 1 1 1 .
g = 2 (qugo) - 27f7§1) +T0127Afr(zl) +Z 2ﬁ(30j +7‘0jA)f7(3)) :
‘7:

]. ].

d
. 1 1 .
2 (Tkkﬂzn(lﬁ-l)AfT(LkH)—i_ 2 3 (Skﬁ%A)f(”) ,

j=k+2

1 1
d—1) _  ond d-1) _ 1 ¢(d) (d)
g'Sz ) = 2 <2n(d—1) Af’r(z ond f'r(z +7rd—1 d2nd Af >
(&) = fld)
By assumptior2., the associated Taylor subdivision schefiyg, is convergent

and the limit function¥, € C (R, R*™!) satisfies (20). Fixing a compast C R, we
then have that

IN

max ‘g ) Aoy k=0,....d—1,

'y€2nKOZ

D0 = va (/2] < A )

max
'yG2”KﬂZ

with \,, — 0 asn — oo. Let us prove by a backward finite recursion for=
d,d—1,...,0that

<y, lim 1 = 0. (23)

n—-+o00

max |7{9(7) = g1 (7/2")

yeE2KNZ

The casé = dis an immediate consequence of the convergengédbf: f,(ld), which
yields for anyy € Z N 2" K that

1) = 6a (27| < il =5 (24)

In the casé: = d — 1, we obtain fory € 2" K N Z that

2" AL () = FD () + rac1aAfLY (’7)’ = g2 ()| < A

from which we deduce the following:

AL () = F00)|
Dy +1) = gally +1)/2")
o [8a((y + 1)/2") = 6a(r/2)| + [0alr/2") = £0(7)))

< An At [ra-idl (Mg + w(¢a, 1/n) + uﬁ) :

< )\ +|T‘d ld’(

11



Hence,

AN () - ;)| =o. (25)

lim max
n—-+oo ye2" KNZ

To prove (23) fork = d — 1, we define the sequencbg) = féd), h7(10) = féd_l)
as well ast = ¢4. Because of (24) and (25), we can apply Lemma 9 and we obtain
that

(fr(fl_l)(v) — a1 (2_”7)‘ <pll,  ye2'KNZ,

which is (23) fork = d — 1.
To prove the recursive step+ 1 — k for 0 < k < d — 1, we first notice
that forj = k + 1,...,d, the functionsp; are continuous or, so that they are

bounded. The sequencﬁg)(y) are also uniformly bounded for € 2" K N Z since
‘f,ﬁj)(y) — ¢, (2*"7)‘ < i with lim g, = 0. Let us write M; for this common
bound. We also notice that for fore 2" K N Z,

AL < [+ 1) = G+ 1)/27)
Flbrr1((y +1)/2") = G (/27|
+[6r11(2/27) = 1D ()

< 2+ w(bryr, 1/n)

andforj =k+2,...,d, we have‘AfT(Lk“)(y)‘ < 2M;,.

Fory € Z N 2"K, when multiplying|gX(v)| < A, by 27*+1=4) e obtain by
means of (22) that

2P Af) (y) — fHD (7)‘
d

< A, 2n(kH1=d) Tkk+1Af,§kH)(7)‘+ Z

(skj + ti; A) £ (7)

n(j—k—1
Pt on(J )
d
(bl (Iskj| + 2[txs]) My
< A\ 20D ) (2,“2“ + w(Prt1, 1/”)) + Z JQn(j,k,]l)
j=k+2
Sincek +1—d <0,
I A ) () — flRHD) ’ —0. 2
Jim  amax[2PAfS () — fa ()] =0 (26)
The rest of the proof proceeds as in the special éasel — 1 above. O

6 Examples

We finally illustrate the concept of generalized Taylor factorizations by ifaplat
some examples of cardinal spline schemes in the spirit of Section 3.2.

12



6.1 Cardinal Spline withr =4,d =2

The coefficients in the first column are given according to the following table

o 01 2 3 4 5 6 7
16ago(c) [1 5 10 10 5 1 0 O
16a10(0) [1 4 5 0 -5 -4 -1 0
16as0(a) |1 3 1 5 -5 1 3 1
With po(z) = 1, p1(2) = 2+ 3, p2(z) = 12? + 32+ 35 and
1 0 O
R=|0 1 -3,
0 0 1
we obtain thatS 4 Rv; = 2/ Rv; wherev; = |pj |, for j = 0,1,2
py
6.2 Cardinal splinewithr =4,d =3
o 01 2 3 4 5 6 7 8
16ago(e) |1 5 10 10 5 1 0 0O O
16aip(a) |1 4 5 0 -5 -4 -1 0 O
16ag() |2 3 1 -5 -5 1 3 1 O
16az(e) |1 2 -2 -6 0 6 2 -2 -1

Here we havey(z) = 1, pi(z) = z + 3, pa(z) = 322 + 5o+ 33, p3(z) = 223 +
222 + 222 + 25 and mention that it is worthwhile to notice thgt= p;_. Now the
choice

1 0 0 O
[
RiOOl—l

00 0 1

leads toS4 Rv; = 27/ Rv;. For A = R~' AR some straightforward computations
yield thesymbol representatiqref.[9],

6(1 + 2)°
2)°(1 -z — Tz + 222
AL(2) = 1 (T +2)°(1—2)(11 — 7z + 227)

96 6(1+ 2)°(1 —2)%(2 - 2)
6(1+ 2)5(1 — 2)3

o O O O
o O O O
o O O O

13



and we obtain thaB ;; defined byT' A ; = 2-3 BT, has the coefficient z(0) = 0
and

1 00 O
~ 1[40 0 0] 5
= —_— 6 =
Br) = 7|2 o 0 of =B
(100 0
r—3 1 1 1
|3 1 5 5
(3 -2 0 2
_ o _1 g i _
T ) 3 9| —
3 -2 0 2
-1 1 -1 1
N T TR TS VR N
- 6 6 12 36| —
Br(T) = 5|5 § % % BRr(8)
1
-1 1 =3 5
Employing the matrix
1 0 0 O
116 10 0
P= 2 010
1 0 0 1
and the norm|z|| = ||P~'2P||;, we have that

IBr()] = 1Br@) = 1/12, |Br)|
| = B H

IBr(4)l| = 1/12,
| Br(5) (6)[l =2/12, [|Br(7)| =Br

= | Br(®)|| = 1/12.
Thus Y " | Br(20)| = > [|Br(2a + 1)|| = 5/12 < 1 and therefore the operator

aEZ aEZ

S§R is contractive, re-proving the known result that the Hermite scher@é.is
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