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Proof. For n � N, i, j � { 0, . . . , 2n Š 1} , the “rst formula of (2.4) can be
written:
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Using (2.3) this gives the “rst formula in (2.5). The proof of the second formula
is similar.

We write the second formula of (2.4)

pn +1
2i +1 ,2j +1 =

1 Š �
hn

�
f n

i +1 ,j +1 + f n
i +1 ,j

2
+ �k n

�
qn

i +1 ,j +1 Š qn
i +1 ,j

�
�

Š
1 Š �

hn

�
f n

i,j +1 + f n
i,j

2
+ �k n

�
qn

i,j +1 Š qn
i,j

�
�

+
�
2

�
pn

i +1 ,j +1 + pn
i +1 ,j

2
+

pn
i,j +1 + pn

i,j

2

�

+
kn

hn

�
(1 Š � )� Š �/ 4

��
qn

i +1 ,j Š qn
i +1 ,j +1 + qn

i,j +1 Š qn
i,j

�
.

Thanks to (2.1) and (2.3), we obtain the result. The last formula is symmetrical
from the previous one.

3 C1-convergence of the algorithm.

We say that the scheme isC1-convergent if, for any initial data, the functions
f , p, and q can be extended fromP × Q to continuous functions on [a, b] × [c, d]
with p = f x and q = f y . We call f de“ned either on P × Q or on [a, b] × [c, d]
the HRC 1-interpolant to the data.

For the study of C1-convergence it is enough to consider the construction on
the unit square [0, 1]2. To see this, let h = bŠ a, k = dŠ c and let again (a, c) be
the south-west vertex of the initial rectangle [a, b] × [c, d]. On [0, 1]2, we de“ne
the initial data g(u, v) := f (a + uh, c + vk), gx (u, v) := hf x (a + uh, c + vk),
gy (u, v) := kf y (a + uh, c + vk), (u, v) � { 0, 1} 2. The constructions of f or
g by formulas (2.1), (2.2), (2.3), and (2.4) are equivalent and at each step,
we obtain g(u, v) = f (a + uh, c + vk), gx (u, v) = hf x (a + uh, c + vk) and
gy (u, v) = kf y (a + uh, c + vk), (u, v) � { 0, 1/ 2n , . . . , �/ 2n , . . . , 1} 2. Thus the
C1-convergence off on [a, b] × [c, d] is equivalent to the C1-convergence ofg on
[0, 1]2.




