Prescribing the length of a de Rham curve

Jean-Louis Merrien!

Abstract

The length L of the de Rham curve is the common limit of two monotonic
sequences of lengths (") and (L") of inscribed and circumscribed polygons
respectively depending on a parameter ~.
In this paper we produce a family of de Rham curves subject to certain con-
straints as interpolation and convexity. The arc length function depends on
two parameters and is convex. We propose an algorithm to get a prescribed
length.

1. Introduction

The de Rham curve C.,, studied in [3], is the limit of a sequence of polygons
depending on a parameter ~.

In section 2, we recall the construction of the curve C, and its first prop-
erties. We are interested in the computation of the length L of this curve.
First we define upper and lower approximations of L as the lengths of two
approximating polygons. They form two sequences (L") and ({*) which both
converge monotonically to L. We recall the convergence speed of (L") to L
for all ¥ > 1 which suggests the possibility of accelerating the convergence of
the two sequences (L") and (I™) by the e-algorithm or the iterated Aitken’s
A? algorithm (see e.g. chapter 2 of [1]).

In section 3, we build a family of convex interpolating curves with variable
length L(x,y). We study the properties of the function L: convexity and
monotonicity of L(x,x). In section 4, we propose an algorithm to reach a
prescribed length. Section 5 is devoted to numerical results. This problem
was already considered by other authors in the context of computer-aided
geometric design, in particular for piecewise polynomial or rational curves
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(see e.g. [4],[5]).

2. Construction and properties of the de Rham
curve

Let ABC be a triangle. The curve is the limit of a sequence of polygons,
(P™),n =0,1,2,... starting with P° = {A, B,C'}. Then the points dividing
into three parts the sides of the polygon P" obtained at the n-th step are the
vertices of the next one. The three parts have lengths proportional to 1,~,1
respectively. The number of sides of P" is 2" + 1.

We denote by Sy, ST, ..., S5, the vertices of P". The construction of
de Rham in order to get the next polygon P"+! = {5+t s+l S;,Z'],ll_l_l}
from the previous one P" is as follows: S3t' = aSP 4 857, and SjA) =
BSE 4+ aSh, fori=0...2" where 8 =1/(y +2),a=1- 4.

In Fig. 1, we show the first step in the construction of de Rham with
P°={A B,C}and P' ={A" B, C'" D'}.

figure 1: The construction of the de Rham curve.



The following properties are given by de Rham in [3].

e The polygons P" are convex and the sequence (P") converges to a
curve (., which is continuous and convex.

e (', is tangent at the midpoint of each side of P".
o If v> 1, (), has a tangent at each point and the slope is continuous.

e For v =2, C; is an arc of a parabola from the midpoint of [AB] to the
midpoint of [BC].

From now on, we shall suppose v > 1.

We denote by MJ, M, ..., M3, the midpoints of the sides of P". Let
L™ be the length of P" measured from the midpoint M of the first side to
the midpoint M, of the last one, and let [* be the length of the polygo-
nal line joining the midpoints: M M7 ... M}, With these notations, M =
(5P + S71)/2 and M3 = M. We write |U] for the euclidean norm of the
vector UU. Thus, we have

L0 = [MOSO| +|SOMP| = (JAB| + |BC|)/2 and [° = |AC|/2.
2" —1

\V/n S H\I, Ln = 222261 |Min52n—|—1| —I_ |S?+1MZ?EI—1| and ln = Z |MZnM27EI—1|
1=0

We have proved the following results in [2]:

~L™ 4207

o VneIN, [t =
v+ 2

e The two sequences (L") and (["*) are respectively decreasing and in-
creasing and they converge to the same limit L, which is the length of

C,.
o Thereexists ¢ € IR} and & €]0, 1[ such that ¥n € IN, |L"T!'—L"| < c.x™.

o For v =2, let So = A,S; = B,S3 = C, AS; = S;41 — S; and A%S; =
AS;11 — AS;. In this particular case, we are able to evaluate exactly
the length L of the curve and to estimate precisely the convergence rate
of the sequences (L").

L =

|ASO|2|ASI|2 _ (ASOASI)Q In (ASLAz»SO + |A51||A250|)
|A2S,? ASp. A28y + |ASy||A2S|



IAS[(AS).A25,) — |ASe|(AS.A2S,)
|A2S,|?
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3. Interpolation and length

The curve (', may be seen as an interpolating convex curve from the mid-
point of the initial side [A, B] with tangent in the direction of the vector AB
to the midpoint of [B, C] with tangent in the direction of BC.

Conversely, let us consider two points A and C' in the plane and two cor-
responding vectors u4 and ug such that the lines 4 and d¢ through A and
(' and parallel to uy and u¢ respectively intersect in a unique point B of the
form B = A+ auy = C — fuc with o > 0 and 5 > 0 (see fig2). Given a
length L such that |AC| < L < |AB|+|BC|, we wish to built a convex curve
of length L, interpolating the data (A, u4) and (C, uc).

figure 2

This could probably be done by choosing a good v for the construction
of the curve but we have another choice. We set v, with v > 1.
For (z,y) € [0,1]?, let us define So(x), Si(x), S2(y), S3(y) by:

Si(z)=aB 4+ (1 —x)A, So(x) =24 — S¢(x),
S2(y) =yB + (1 —y)C, Ss5(y) = 2C = 5(y).
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so that Si(x) is inserted in [A, B] and S3(y) in [B,C], A is the midpoint of
[So(x), S1(x)] and C the midpoint of [Sy(y), S5(y)].

Then, let us built the two de Rham curves on the triangles {So(x), S1(x), S2(y)}
and {S12),52(y), S3(y)}. The first one joins A to I(x,y), the midpoint of
[S1(x), S(y)], the second one joins I(x,y) to C'. Moreover, the tangent at
A is in the direction uy and similarly in C'. In I(x,y) both curves have a
tangent in the direction of the vector Sy(x)53(y). As the initial polygon is
convex, the union of the two curves gives a convex curve interpolating the
data for all (x,y) €]0,1[%. Tts length is L(z,y) = Li(2,y) + La(z,y), where
Ly (respectively L) is the length of the first curve (resp. the second curve).
Note that these triangles are degenerate if @ or y is 0 or 1, but we can still
construct the curve. We shall now study the properties of the function L
which is depending on ~.

Proposition 1 For any v, L is a convex function on [0,1]? and so L is
continuous.

Proof : We shall prove that Ly is convex. Similarly Ly will be convex,
so we shall have the property. The length of the polygonal line at step n in
the construction of the first curve will be noted L} (x,y).

Let {a,b,c} be a referential triangle. We define the affine transformation

o(x,y) by:

v, y)a) = So(2), p(2,y)(b) = Si(x), o2, y)(¢) = S(y).
In the construction of the de Rham curve, from step n to step n + 1, we
have S3H = oS! + 857, and Syt = BSP + aS?, for ¢ = 0...2", where
B=1/(y+2),0a =1—p. So that if we denote o a vertex of the polygon
7", built in the referential triangle, we get:

Yn e IN,Vie {0,...,2" + 1}, o(x,y) (o) = S}

Now let m and m’ be two points of the plane. Using the barycentric coordi-
nates
m = ua + vb+ we with v +v +w = 1 and m' = v'a + v'b + w'e with

u + v 4w =1, we get:

[o(e,y)(m)p(e, y)(m)] = |(u—u)e(z,y)(a) + (v —v)p(z, y)(0) + (w — w')e(c)]
= [(u—u)So(x) + (v = v')Si(x) + (w — w')Sa(y)].
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Let Ay and Ay be two real numbers in [0, 1] with Ay + Ay = 1, and let (21, y1)
and (z3,y2) be two couples in [0, 1]%.

By construction of Sy, we have So(Axy + Asws) = A1 So(x1) + A2 So(22) and
a similar property holds for 57 and S5, so that

oAz, y1) + Az(2, y2))(m)e( A (@1, 1) + Az(22,y2)) ()]
[(u—u")So(Arz1 4+ Aexa) + (v — 0)S1(Arzy + Agzz) + (w — w') Sa(Ayn + A2y2)|
|/\ ((u—u')So(w1) + (v = v")S1(x1) + (w — w') G2 (1))
Aa((u = ') So(22) + (v = v')S1(w2) + (w — w')S2(y2))]
[Ar((u = ') So(21) + (v = ') Six1) + (w — w)S2(y1))]
[A2((u = u')So(w2) + (v = ) S1(22) + (w — w') S2(y2))]
Al yo)(m)e(zy, y) (m)| + Aale(@z, y2) (m)e(a2, y2 ) (m)].

+ IA +

Now, remember the definition of L™ in the previous section.

27 -1
Li(z,y) = [SgST1/2 4 D0 159l + 155 550141/2
=1
= ez y)(og)e(z, y)(o7)]/2

2"—1

+ ; oz, y) (o (e, y) (o)
el ) (3o () (0512
Using the above result, we easily obtain:
LY(M(@1,y1) + Ae(22,92)) < M Ly(@r,y1) + ALY (22, y2).

This allows us to conclude the proof as n tends to 400. m

Proposition 2 [ takes all values between |AC| and |AB| + |BC|.
Proof: [(0,0) = |AC|and L(1,1) = |AB|4+|BC|. As L is a continuous

function, we get the result. This result is independent of . =

Proposition 3 The function f, defined by f(x) = L(x,x) is a strictly in-
creasing convex function on [0,1].



Proof : As L is convex, f is convex.
Now f(0) = |[AC| and if > 0, L(z,2) > [°(x,2) = |AC|. We already know
that (") is a strictly increasing sequence converging to L. As f is convex,

the function ¢ defined by ¥(t) = w
x> 2’ > 0 then (') > (0) > 0 so that f(z) > f(z'). m

is increasing on [0, 1] — {a}. If

figure 3: The function L for v = 2.

4. Algorithms giving a curve with a prescribed
length

Let A, B,C be a triangle and choose v > 1. We want to get a de Rham
interpolating curve of length [, |[AC| < [ < |AB|+|BC]|. Precisely, using the
function f defined above, we have to solve the equation f(z) = L(z,z) = L.
We need lemmas about the regula falsi and secant methods. We only prove
the second one, as the first one is easy to prove.



Lemma 4 [f g is a convex function on [0,1] with g(0) < 0 < g(1), then the
—1
T for p >0, built by

g(z,) — g(1)

the regula falsi method converges to the unique solution of g(x) = 0.

sequence (x,) where x9 =0, x,41 = 1 — g(1)

Lemma 5 Let g be a strictly increasing convex function on [0, 1] with g(0) <
0 < g(1). We build a sequence (x,) by a modified secant method:
g — 0, Ty — 1,
Ty — Tp_y
g(zp) — g(p-1)
_Juforp=3k—-20rp=3k—-1
Tpt1 = { min(u, xspy1, k' =0...k —1) for p=3k.

and if u = x, — g(x,) , then

Then the sequence g, X, T3,...,T35_1,T3k,... converges to the unique
solution of g(x) = 0.

Proof : As ¢g(0) < 0 < g(1) and g is continuous and stricly increasing,
the equation g(z) = 0 has a unique solution T.
First, we prove that if x,_; <7 < 2, then z,_; <u < 7.
Indeed, with the hypothesis g(x,-1) < 0 < g(a,).

Ty — Tp_q Tp — Tp—1
Now u = x, — g(x b b = Tp—1 — glap- £ - ;
R P R ey B P ey
Ty — Tp-1
as g(x,—1) < 0 and £ i > 0, we get u > x,_1.
(7p-1) )t .
g\ Tp g\ Tp
Then v = T, 1+ (1 — Ty,
g(xp) — g(wp_1) pr g(y,) —g(l‘p_1)) g
g(:l?p)

Using the convexity of g, as 0 < < 1, we have:

g(x,) — g(zp-1)

g(l'p) . g(xp) . _
= gt — atr, T G 1 =0

g(u)

so that u < 7.

Similarly if , <7 < 2,y then 2, <u <Zand if v, < 2z, < T then T < u.
As 29 < T < z1, by induction, the two sequences xq, o, 3, ..., T3p_1, T3k, - - .
and (xsr41) are respectively increasing and decreasing and bounded, so that

they converge respectively to « and z’ with * <7 < a'.
_ !
If x < 7, by continuity of g, we have z = 2’ — g(x’)wixl so that
g(x) = g(a’)



z—a

v’ —x = g(2')—————=, hence g(z) = 0 and = = 7.

g(x) — g(a’)
We can conclude that the sequence zg, 2, x5, ..., x35_1, T3, ... converges to
. m

With these lemmas, we are ready to study the algorithm. Practically,
we are not able to evaluate the expression f(x) = L(x,x) except for v =
2. Instead, we evaluate f"(x) = L™(x,x), the length of the polygonal line
obtained at step n. The function f” is convex and stricly increasing; moreover
f7(0) = |AC]| and f*(1) = |AB| 4 |BC|. We have to choose n to control the
approximation. We know that |L — L"| < c.x". Numerical evaluations have
shown that ¢ < |AB| 4 |BC| and & & 0.25. When n is fixed, we apply the
regula falsi or secant method to ¢ = f* — [. Note that if we accelerate the
evaluation of f"(x) by an extrapolation algorithm, we cannot evaluate the
errors.
algorithm:

o Gliven [ and a precision ¢

o Choose n such that (JAB|+ |BC|)*0.25" < ¢/2 .

o Build the sequence (x}) by the regula falsi (or secant) method applied
to fr—1 until |f*(x,) — 1] < g/2.
o Then |f(xp) —I| < |f(xp) = x|+ [ f"(2) = 1| < e

5. Numerical results

In an orthonormal basis, let A = (—1.5,—1), B=(0,1) and C' = (1.5,0), so
d+V13
that |AC| = V/T0 & 3162277766 and [AB|+|BC| = “=7== &~ 4.302275637.

To verify the algorithms, we have chosen v = 2 to compare the approximate
value f"(x) to the exact one, f(z).



€ n ! p Lp [ (=) f(zp)
1072 513215 0.0954 3.1956 3.1955
10 8 | 3.2 | 13 | 0.103532 | 3.1999662 | 3.1999639
2.2%107° | 10 | 3.2 | 19 | 0.1035945 | 3.19999915 | 3.19999901
1072 5 4 3 0.8242 3.9987 3.9985
10 8 4 5 | 0.825195 | 3.9999861 | 3.9999833
22%107° | 10 | 4 7 | 0.8252054 | 3.99999986 | 3.99999968
1072 5 [4.25 ] 2 0.9722 4.2490 4.2488
1074 8 |4.25 ] 3 | 0972791 | 4.2499653 | 4.2499624
2.2%107° | 10 [ 4.25 | 5 | 0.9728105 | 4.24999993 | 4.24999978
requla falsi method
€ n ! p Lp [ () f(zp)
1072 51 3.2 |5 01014 3.1989 3.1989
10 8 | 3.2 | 6| 0.103524 | 3.1999618 | 3.1999595
2.2%107° | 10 | 3.2 | 7 | 0.1035963 | 3.20000018 | 3.20000003
1072 5 4 |41 0.8255 4.0006 4.0004
10 8 4 15| 0.825202 | 3.9999976 | 3.9999948
2.2%107° | 10 | 4 | 6 | 0.8252055 | 4.00000000 | 3.99999983
1072 5 (42513 0.9722 4.2490 4.2488
10 8 [ 4.25 4| 0972819 | 4.2500190 | 4.2500161
2.2%107° | 10 | 4.25 | 5[ 0.9728105 | 4.24999999 | 4.24999981

With the data above, we have drawn the curves (., of length 3.7 with a

secant method

precision ¢ = 107" for different values of ~.

Y T

1.21 0.639961
2 1 0.613581
5 | 0.552386
121 0.509056
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figure 4: The interpolating curves of length 3.7
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