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A family of Hermite interpolants
by bisection algorithms
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A two point subdivision scheme with two parameters is proposed to draw curves
corresponding to functions that satisfy Hermite conditions on [a, b]. We build two functions
f and f! on dyadic numbers and for some values of the parameters, f is in €' with
fl=f'. Examples are provided which show how different the curves can be.
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1. Introduction

Suppose that we know the values of a function and its first derivatives at two
real distinct points a and b, ie.: f(a), fia), f(b), f}(b). We build f(i) and
f(i) where i is the middle point of [a, b]. Then we proceed to obtain two
functions f and f! defined on the dyadic numbers D = U{D,, where:

(b-a)
2n
As D is dense in [a, b), we get a €' interpolant as soon as we can extend f

and f! to [a, b] by continuity and prove that f'=f'. This process defines a
general family of interpolants containing Hermite cubics and quadratic splines
as particular cases. The idea is to get an interpolant without solving any system
and to extend these algorithms in two dimensions on triangles for which we
usually need polynomials of high degrees. As in Dyn et al. [1] the construction is
local and needs four data (two points instead of four, but the derivatives on
those points are also necessary to get the interpolant). The construction stops as
soon as we reach the screen limits.

D,,={x,’f=a+k ,k=0t02"}.
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2. Definition and construction

EXAMPLE 1
Evaluating the Hermite cubic interpolant at the middle point m = (a + b) /2,
we get:

h
f(m) = [£(8) +f()] - g [F1(®) - F1(a)],

N =

3 1
fim) = 21 £(6) - f(a)] - 7 [£(B) +£*(a)],

where h=b—a and fl=f".

By reiterating the process, and through unicity of this interpolant, we obtain
the same form for m,, the middle point of [a, m] with & replaced by 4 /2 and b
by m..., so that the process converges to the polynomial.

EXAMPLE 2
Quadratic spline: using the same pattern for the Hermlte quadratlc spline
with one knot at m, we get:

h
f(m) =‘§[f(b) +f(@)] -5 [f1(®) -1 (@),

: 2 1
fi(m) =~ 1£(8) = f(a)] = F[£'(®) +£1(a)].

CONSTRUCTION AND ALGORITHM
Step 0: at the two pomts a x0 and b= x0 we know f and f1 and hy=b— a.
Step 1: setting x? =x{, x! = (x0+x3)/2, x? =}, we define:

F) =ALF(eb) + F()] + Wmol £1() = FA()], ey
£1et) = 7o 7 Ged) = FRB)] + 7 (ed) +7(29), @2)
hy=hy/2.

Step n + 1: we already know f and f! on D,, so that we only have to define
f(xk, ) and f}(x*,,) for k odd:

PRty = ALf(x2*) +F D] + MR [ £ (327 = F1(52)],
Fxnst) = g L) = £ + W F1(ae) + £ 2],

hn+1 =hn/2 = (b - a)/2n+1'
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Now f and f! have been defined on D = U7D,. We shall first study their
continuity on D. As it is not sufficient to extend them to [a, b], we shall then
see when they are uniformly continuous on D.

DEFINITION | |
(f, fY is a ¢! interpolant on a set A if f is continuous and admits a first
continuous derivative f’ with f'=f".

3. First conditions for < interpolation on D

PROPOSITION 1
If (f, f1)isa ¢! interpolant on D, then A =1/2 and p +2u'=1.

Proof
Onstepn+1
hn
f(a + 7) =AM f(a+h,)+f(a)] +Xh,[f'(a+h,)~f'(a)], .
h
pat ) = (e +h) = F@)] + [ F @+ ) +£ (@)

Using Taylor expansions of f and f! we get:

h
f(a) + —-f'(a) = M[2f(a) + h,f'(a)] +o(h,),
f'(a) =plf'(a)] +w'[2f'(a)] +o0(h,),

so when 7 goes to +, we obtain A=1/2 and p +2u'=1. O

From now on, we will suppose that the parameters used in our construction
verify the conditions of proposition 1: A =1/2, u'=(1 —u)/2.

Remarks

(1) Likewise if we want the extension of f to be in €?[a, b], we get
XN = —1/8 and for f extended in ¢[a, b}, X' = —1/8, u =3/2.

(2) The two examples given in section 2 verify the conditions of proposition 1.

(3) Note that if initial conditions are: f1(a) =f(b) and f(b)=f(a) +(b—
a)f(a), the algorithm converges to the function f defined by f(x)=f(a) +(x
—a)f(a) for any parameters A’ and u.

PROPOSITION 2 _
f! is continuous on D and f admits a derivative f' with f'=f ! on D (e,
(f, fH is a #! interpolant on D) if and only if:

3-p+sl<4 with 8=[(u+1)7+320u]" ecC.
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Proof
Because the construction is symmetrical, it is sufficient to study the property

at the right side of a point. As the algorithm is local (i.e. to study what happens

between x and x¥*!, we can reinitialize the construction on x* and x**1), the

study at the left bound a is sufficient. So let:

fa+h)=f(a) |
U = . —fia)| _ (;)
fi(a+h,)=f'(a)

(3[£(a +h,) = f(a)] + X[ f}(a +h,) = fY(a)]) - f}(a)

1
Xpi1= hn+1
1
= —[f(a +h,) = f(a)] - f'(a) + 2X[f (@ +h,) — f*(a)]
=x,+2Xy, as hn+1=%, |
1-
Yusr= [ fa+h,) = f(@)] + 2] Fa +h,) +£Y(@)] = f(a)

=M(h_1,,[f(a o) ~f@)] =10)| + FE e+ ) =@,

so that
U;H-l =MUn’
where
1 20
M= 1-p
)

f and f! have the required properties if and only if U, tendsto 0 as n tends to
+, i.e. if and only if p(M) <1 where p(M) is the spectral radius of M.

3—pu 11—

det|M—-XI'| =X?~ 5 X+ 3 -2\,
The discriminant is
3—pu) 14 wp) + 32X
A 4#«) 21—y u)4 3

So we have the desired property. The domain is given in fig. 1. O
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/ Py /
|
0,25
J_' / 2uA'+p-3=0 .
U N ;
/ | =0
p+ApA'+1=0
w e [-2,8], A' € [-1,0.5]
Fig. 1

Remarks .
(1) (u + 1)? + 32X’ may be negative.
(2) For Hermite cubic, we have:

N 1 3 i 4 1

STy K77 M AT
so that
3—u+é 1 3—u-6 1
1= 2 =3 and A, = 2 =71
For quadratic splines:
N L 2 d 4 .
=g k=2 an =7
so that
3—upu+d6 1 3—-upu-26
1= =3 and A2=———4———=

(3) Unfortunately, the above conditions are not sufficient to extend f and f! to

[a, b]. For example, for u

= +3 and A' = —1/6, which is a point of the domain,

(the eigenvalues are both 0), we have drawn f and f' (see fig. 2). f! is
discontinuous. Initial values are f(0) =f'(0) =f(1)—2=f'(1)=0.
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Y
-4.00<y<7.00

lambda’'=~0.4667 mu=3.0000
Fig. 2

+

4. Conditions for the convergence of the algorithm

We now want to know when f and f! are uniformly continuous oh D, in
which case we can extend them by continuity on [a, b]. Let F(a, b) be defined
by: ' :

[£(b) +£(a)] /2
[£(b) —f(a)] /2
[F1®) = (a)]h ]’
[£1(b) +f*(a)]h
where h=b —a.

Using formulas (2.1) and (2.2) with A=1/2 and u'=(1—pu)/2, we get
F(a, m) =A,F(a, b) and F(m, b) =A,F(a, b), where m is the middle point of
{a, b]and

F(a, b)=

1 d X 0
2 2
0 L r 0
Ai= 2 12 p’ ) €1=—land€2=1.
' € 2-p
O — —
H 4 4
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Then, we have F(xk, x¥*1) =4, XA, X ... XA, F(a, b) where a, € ({1, 2} for
k=1ton. Let B, = HIAHWlth ‘ _ -

1000
(o 1 0 0
H=1y 0 1 o
0 4 0 1
obtained when studying the eigenvalues of 4;. We get
; &0 X 0
2 2
0 L l 0
3 6%
B, =
0 O —1- e--’-'b—
4 ‘4
8N+1 2-pu
0 0 ¢ 2 1
Setting G(x¥, x*¥+1) = H='F(xk, xk*1), we have:
[f(xf“) ]/2 x|
G(xk’ xk+1) = [f(xtlf*-l) f ]/2 ) == x2
v [F1(xxt) =1 (x0)] b 1 1%
[f1(xx*t) +f (xr’f)]hn~2[f =D =
and
G(x%, x¥*')=B,, ... B, G(a, b).
Let || |, denote both a norm in R” and the associated norm on the set of

square matrices, R™".

LEMMA 3
Suppose we have a sequence of matrices M; of the form
k. mt
M‘ - J J
J ( 0 N; ’

where k; €R, m; e R*"}, N, eR"" ~Ln=1 1f there are constants ¢, d and e so
that for each j: IINlln 1<c, |kl <d and |Im;|l,-1<e, then there is a
constant C’ 1ndependent of p, ¢ and d for which we have:

KM, x...xM, lI,,<C'( Y dicP~1"i+dP+cP| forany p>1.
i=0
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Proof ‘

All the norms are equivalent on R", so that we can change the norm by
multiplication by a constant. As the Euclidian norm verifies the Cauchy-Schwarz
inequality, for any norm of R”~! we get:

luTv| < Cyllull oy X 0l 5=1.
Now

M X...XM,=R,=

ky...k, I )

0 N..N,

p~2

ri=ky...k,_yml+ Y ky...kmi Ny...N,+miN,...N,.
i=1

So

p—2

Ir,la-1<d? e+ ) d'Ciec?™"1 + Cec?™!
i=1

r—-1
< Cz( Z dicp—i+1).
i=0

As |ky...k,| <d? and || N}... N, || n-1 < c?, we get:

p—1
||M,x...><Mpl|,,<C'( Y dicPT1 i+ dP+cP|. O

i=0

So, let us use again B; and write:

T 1 /T
B,.=(1 b‘) and B!=(2 bi ),

&

0 B 0 B!
where '
1 €1
y 4 4
Bi=1 sv+1 2-u
R 4
and let C;=4B/.
LEMMA 4
If there is a norm || || on R? such that:

(1) IC;l <1fori=1,2, then f and f* are Lipschitz.
(2) 1<|IC; Il <k <2, then f is Lipschitz, f! is Holder and for x and y in D:

|f{(x) = F ()| <K |x—y| oD/,
In both cases f’'=f1
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Proof
In the first case || B, ... B, || <(1/4)" so that | FUXE*Y) = Y (xF) | X B, <
(1/4)". Let us recall that &, —h/2" =xk*1 —xk so that | f}(xk*?) fl(xk) | <

kylxkrt—xk|, Bylernma3
n lfl
S 3]
1 n ‘-0 4

)
el PR el

So we get | f(xX*1) — f(xF) | <k |xf+! —xk|.
The same method is used in the second case.
Now |[f¥x ) +fUxbh, = 2A f(xk+Y) - f(x¥)]| < C*, with C<1/2, so

that
FaET) = f(x8) ze
- —[fl(x,’fﬂ) +f(xrlf)] < P
As f! is continuous,
x+h
1 of( ) —f(x) —fYx){=0 for x and x +A in D. EI

We can now study the conditions on A’ and n to get a convergence of the
algorithm to an interpolant on [a, b].

Instead of studying B/ or C;, we change our matrix into D,=H' 'IC,.H !
where

, 1 0
7= (0 -1/ /w)
.Note that if x =0, f! is a linear functlon on [a, b] (see (2.2)) and (f, 1) will
not be an interpolant for some initial conditions. We get:

(11 (1 -1
Dl‘(—a 1—b)’ D, (a 1—b)’
a=-u(l+8)') and b=p-1.

(1) f' Lipschitz: Suppose (f, f!) is an interpolant and p(D,) =p(C,) > 1.
Then, either

1[£4(a +hy) = F1(a)] XAyl > k4(

») =f'(a)
h

p(401) )"

> ksp(Cy)",

n



196 J.L. Merrien / A family of Hermite interpolants

or
[f}(a+h,)+£Y(a)] Xh, —2[f(a+h,)~f(a)]|>k, 'p(4C‘) )
fi(a+h,) ~f'(a+6,h,) fi(a)~f(a+6,h,)
< e (1-6,)+ — oh 0,
> kypo(Cr)",

with 6, and 6, in ]0, 1[.

Both cases are impossible if f! is Lipschitz. Therefore we have a necessary
condition.

Now let us denote by S and P the sum and product of the eigenvalues of D,
(or D,) and § and P for D D2 To obtain p(D,) <1 and p(D,) < 1, we must
have:

1-S+P>0,
Pgl,
1-S+P>0. ,
As S=2-b,P=1+a—-b,S=1+2a+(1-b)? P=(1+a—b)* we get:
. a=0 a>0
a—-b<0 o! b—az0
—2a—-(1-bY+(1+a—b)’>0 a(a—-2b)>0

Necessarily a = 0. So
D1=(1 1 ) and D2=(1 -1 )

0 1-»b 0 1 —b
To get p(D;) <1, we must put |1 —-b]| <
Conversely if I1 b| <1, by lemma 3 we easily obtain: || D, oDy | <ks,
so |IC,,...C, Il <k, k¢ independent of n.
If we suppose 1-b=1,then
n_|1l n
pi=(g 1)
so that we will not have f! Lipschitz as above. Same if 1 —b = —1,
. -n
(D:Dy)" "(0 +1) o

So we have a necessary and sufficient condition to get f* Lipschitz.

PROPOSITION 5
(f, fYis a ¢! interpolant with f! Lipschitz if and only if

N=-1/8and |2—p| <1.
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Remark : .
For Hermite cubic, ' = —1/8, u =3 /2 and for quadratic spline, A’ = —~1/8,
p = 2; we are in the case of f! Lipschitz.

(2) f! continuous. Writing p(D,) <2 gives us the same conditions we had in
proposition 2. This is not sufficient. We use again S, P..., defined above. As we
need p(D,) <2 and p(D,D,) < 4, we get:

P<4 3—a+b>=0
. 4-25+P>0 : +b—a+1>0
*N 4+25+P>0 * 9—3b+a>0

16-45+P>0 |12-8a—4(1-b)*+(1+a—b)’>0;
then 12— 8a —b(1 =b)*+(a+1-b)*=(a—-3b-3Xa+b-3).

3—a+b>0

* 1+a+b>0

(*) = 9+a—~3b30
(3-a+3b)3-a—-b)>0.

We now have new necessary conditions:

13—pn+8[<4,
r >0,
N> —1/2,
2uN +1>0.

Conversely, let us use the norm [|(x, )|l = |x|+k|y| on R?, with k=
1/(|a| +¢€), where € is to be chosen in R*: '

x x+y X\ _ x—y
Dl(y)'—(—ax+(1—b)y) and Dz(y)_(a.x+'(1——b)y)'
So
x
|D.(5)] = 12 £y 1+k1£ax+ (1= b))
1
<(1+Ial)lx|+(~lg+l1—bl)k|yl
lal
=1+
la|+e
We are sure that || D,(*)| <2 whenever |a|+e+ |1 —-5b| <2. So that a suffi-

cient condition to get IrD,- | <2 is:
lal+]1-b| <2 [u@N+1)|+]{2—pn| <2.

lx|+(lal+e+1=bDklyl.
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Ta Necessary conditions : T Sufficient conditions

Zu'+p-3=0 (@x'+1p-2=0

T

’J.+4‘1A'+1=0 ' ZA'F"']-"—'O

]

r € [0,4], A' € [-0.5,0.25]

Fig. 3
So we have:
| 0 2 4
_—A' |
0 no condition ’ w@dN +1)-2<0

0

1
TE >3 | 2uN +1>0
PROPOSITION 6

Necessary conditions to get f! continuous with f Y=f’ on{a, b] are:

3—pn 8]l <4, p>0, N>—%, 2uN+1>0,

where & = [(p + 1)? + 32)u]/?
Sufficient conditions to get f! continuous with f'=f' on [a, b] are:

lw@BN +1)[+12-ul<2.

5. Examples

The initial conditions are f(0) =£'(0)=f(1) —2=f'(1) =0. We have built
512 points on [0, 1], which is close to the precision of a screen. Both f and f'
are drawn.
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1

N T — 7

-1.00<y<5.00

+

lambda’=-0. 1250

mu=1,5000

~-1.00<y<5,00

+

lambda'=-0. 4250

mu=1. 1000

H
11
9 Ar'+1)u~2=0
-0,125 /—b5—0. 8
22 u+1=0
10 1
VA | I L L i I
Fig. 4

199

-1.00<y<5.00

X
| 1ambda‘'=-0.1250  mu=2.0000
Yy
~1.,00<y<7.00
, X
] lambda'=-0.4250 mu=2.9000

Fig. 5
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y y
' -1.00<y<5,00 -1.00<y<5.00

"
v

‘mu=0,5000

4

| 1ambda’=-0.2430

mu=0.,5000

lambda‘=~-0.1000

-4.00<y<8.00

~1.00<y<5.00

M

] 1amvda’=-0.2400 - mu=2.0000

mu=4,5000

lambda ' =-0.0500
Fig. 6

The first and second examples (figs. 5, upper left and right) are, respectively,
Hermite cubic and quadratic splines. The first four examples are obtained for

A=—1/8=—0.125 and g in ], 3[ so that f! is Lipschitz.
Figures 6 explore the domain of sufficient conditions.
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