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Abstract

We consider in this paper the estimation and test-of-fit for vector error
correction models with nonindependent innovations. The asymptotic properties
of the residual sample autocorrelations are derived. It is shown that the
asymptotic distribution can be quite different for models with iid innovations
and models in which the innovations are nonindependent. Consequently, the
usual chi-square distribution does not provide an adequate approximation of
the distribution of the Box-Pierce goodness-of-fit portmanteau statistic in the
presence of nonindependent innovations. We thus propose modified portman-
teau and Lagrange Multiplier (LM) tests whose asymptotic distributions are
a weighted sums of independent chi-squared random variables. Monte Carlo
experiments illustrate the finite sample performance of the different tests.

Keywords: Cointegration; Weak error process; Portmanteau tests; Lagrange
multiplier test; Vector Error Correction Model.

1. Introduction

The use of Vector Error Correction Models (VECM) in the study of multivariate
non stationary time series has become of increased interest in recent years. The main
reason is that VECM allow to describe the long run relationships and the short run
relationships of non-stationary variables (see Johansen (1995) or Liitkepohl (2005)
for the statistical analysis and illustrations of the use of the VECM). In VECM, the
cointegrating rank gives the number of independent linear stationary combinations of a
multivariate nonstationary process. The autoregressive order gives the number of short
run relations. In the literature, useful tools have been developed to analyze the long
run relationships, in particular the identification of the cointegrating rank. However
less attention has been given to the short run relationships in the VECM framework,
in particular the autoregressive order. Tests for the cointegrating rank depend on the
autoregressive order p. Then it is important to choose the correct autoregressive order
for the overall understanding of the VECM.

Duchesne (2005) studied tests for serial correlation in the case of vector autore-
gressive models with exogenous variables when some variables are cointegrated. Tests
based on the residual autocorrelations in the framework of the VECM were considered
by Briiggemann, Liitkepohl and Saikkonen (2006). An important output of their work
is that the asymptotic distribution of the portmanteau tests statistics depends on
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the cointegrating rank. They also proposed Lagrange multiplier tests for cointegrated
series. A crucial assumption of their work is that they consider iid innovations.

However the assumption that the innovations are iid is often considered to be too
restrictive. Indeed many economic data present dependent innovations. Some recent
works pointed out that, in some cases, the assumption of iid errors is not valid (see
e.g. Francq, Roy and Zakoian (2005) or Romano and Thombs (1996)). There are
models which are martingale differences as the class of multivariate GARCH models
(see e.g. Bollerslev (1990), Engle and Kroner (1995) or Jeantheau (1998)). Some
models produce processes which are uncorrelated but not a martingale difference in
general as the class of the all-pass models (see e.g. Andrews, Davis and Breidt (2006)).
In this paper we will study estimation of the adjustment and short run parameters. We
will propose portmanteau tests and a Lagrange multiplier test which take into account
nonindependent but uncorrelated innovations.

Francq and Raissi (2007) considered portmanteau tests for stationary autoregressive
multivariate processes. They relaxed the assumption of iid innovations and adjusted
the critical values of the portmanteau tests in consequence. They found that the usual
chi-square approximation can be misleading in presence of nonindependent errors or
when the roots of the autoregressive polynomial are close to one. We will extend their
methodology in the context of cointegrated variables.

The structure of the paper is as follows. In Section 2, the model we use in this paper
is presented. In Section 3 we derive the estimators of the parameters of our model and
we give the asymptotic behaviour of the residual autocorrelations. Section 4 studies
the asymptotic behaviour of the residual autocorrelations. We obtain in Section 5
the asymptotic distribution of the portmanteau test for VECM with nonindependent
innovations. In Section 6 we study the asymptotic distribution of the LM test statistic.
In Section 7 Monte Carlo experiments are performed. The proofs are relegated to the
appendix.

In the sequel the following notations are used. Weak convergence is denoted by =

and we denote by L the convergence in probability. Considering a d x r-dimensional
matrix A, we define the orthogonal complement A, which is a full column rank d x
(d—r) matrix such that A’A; = 0. The symbol ® denotes the usual Kronecker product
and vec(A) denotes the vector obtained by stacking the columns of the matrix A. The
trace of the matrix A is denoted by Tr.

2. Characterization of the model

We consider the following vector error correction model

p—1
AX, = aofh X1 + Z ToiAX;_; + & (2.1)

i=1
where g and fy are full column rank matrices of dimension d x r. The process (X;)
is of dimension d and AX; := Xy — Xy 1. The T'y;’s, i € {1,...,p — 1}, are d x d short
run parameter matrices. By convention the sum in (2.1) vanishes when p = 1. Note
that if 7 = 0 the relation (2.1) is a vector autoregressive model for the process (AXy).
The error process () is usually assumed iid Gaussian. We will consider in the sequel
a weaker assumption for the error process. Let us denote by | . | the determinant of a
square matrix. In the rest of the paper we shall assume that | B(z) |= 0 implies that



| z|>1or z=1 and that | af  T'ofBo. |# 0, where

p—1 p—1
B(z)=(1-2)1; — apB)z — ZI‘Oi(l —2)z" and Ty =14 — Zl—‘oi.
i=1 i=1

Under these assumptions it follows from Granger’s representation theorem given in
Johansen (1995 p 49) that

t
Xi=C> e+Yi+A4, (2.2)

=1

where C' = By (o), T'of0o J_)_loc{) |- The vector A depends on initial values and is such
that By A = 0. The stationary process (Y;) is of the form

Y, = Z P0i€t—i, (2.3)
i=0

where the power series C(z) = Y% ¢o;2" is convergent for | z |< 1+ & for some £ > 0.
From (2.2) we have

BoXi = ByYi-1, (2.4)

and

In general the iid Gaussian assumption on (¢;) may appear too strong for tests based
on the autocorrelations of the process ¢;. Indeed there are numerous models which can
be adjusted to the error process and do not satisfy the strong assumption of Gaussian
iid innovations as for instance the multivariate GARCH models or all-pass models.
The statistical analysis of these models have a recent important development (see e.g.
Bauwens, Laurent and Rombouts (2006) for the GARCH models or Andrews, Davis
and Breidt (2006) for the all-pass models). In addition it is well known that there are
many situations where the standard assumption is not satisfied (see e.g. Francq and
Zakotan (1998) in the univariate case). Therefore we will consider the following weaker
assumption which is more appropriate in many cases.

Assumption A1 The error process (e;) is strictly stationary ergodic with finite

positive definite covariance matrix X, such that E(e;) = 0 and Cov(e, e;—p) = 0, for
all h #£ 0.

This assumption allows us to consider a wider class of error processes than the
usual iid white noise. A sequence (¢;) satisfying A1 will be called weak white noise.
The results of Granger’s representation theorem still hold when the assumption of iid
Gaussian innovations is replaced by A1l. Then from (2.4) we see that the process
(B0 X¢) is strictly stationary. The cointegrating rank r corresponds to the dimension
of the process (8, X¢), that is the number of independent linear combinations of the
components of the process (X;) which are strictly stationary. From (2.5) the process
AX; is strictly stationary and we say that (X;) is I(1). It is interesting to note
that the interpretation of some events can change in our framework. Indeed consider
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the projection P, on the space spanned by the columns o and the projection P,
on the orthogonal space of the space spanned by the columns of ay. Therefore the
independence between the permanent shocks P, €; and the transitory shocks P,e; is
no longer ensured if () is not Gaussian.

Let us denote by S the diagonal matrix with diagonal elements \/E(e?,), where
€;+ is the i-th coordinate of €;. We also define the theoretical autocorrelations at lag
h of the error process R.(h) = S7T'c(h)S-! with T'c(h) := E(ete,_,,) for all h # 0.
To check the adequacy of the autoregressive order of the model (2.1), it is a common
practice to test the following pair of hypotheses

Hy: R.(h)=0 wvs. Hy:3 h>1 suchthat R.(h)#DO0.

Note that in (2.1) the parameters g and 3y are not identified. Then to get rid of
this problem one can consider the following normalization

Boc = Bo(c'Bo)™" and  age = aofBe, (2.6)

where the matrix c is of dimension d x r and is such that ¢’By has full rank. We have
apfBy = ey, Once ap and [y have been normalized in (2.1), one can derive the
estimators of the adjustment and cointegration spaces.

3. Asymptotic behaviour of the estimators

In this section we derive the estimators and state the results we need for our
tests. Note that in our framework we use the quasi maximum likelihood method
since we relaxed the iid Gaussian assumption. Following the estimation procedure
described in Johansen (1995) the estimator of Sy, can be obtained by reduced rank
regression. Consider the observations Xi,..., Xp. Let Zg; = AX;, Z1; = X¢—1 and
Zy = (AX{_1,...,AX] ;1) where X; = 0 for t < 0. We define the matrices
Mij =71 Z?:l ZitZ;‘t and Sij = Mij — MigMilng for i, ] € {0, 1} Considering
eigenvectors 01,...,0q of the corresponding eigenvalues iy > --- > jiq > 0 of the

_1 _ _1
matrix S;,2 810550 S0157,%, we set

B=52(01,...,00).

For our asymptotic results we shall assume in the sequel that the cointegrating rank is
well fitted. The normalized estimator of Sy, is given by 3. = 3(c’3)~!. Let us define
the strong mixing coefficients «,(h) for a given stationary process (a:)

talh) = sup [P(AN B) - P(A)P(B)],
A€o (ay,u<lt),BEo(ay,u>t+h)
which measures the temporal dependence of the process (a;). We also define |las||q =

(E|la;|)*, where |.|| denotes the Euclidean norm with E|ja;]|9 < oo and ¢ > 1.
Consider the following additional assumption.

Assumption A2  The process (€;) satisfies |[e;[|,, 4, < 0o, and the mixing coeffi-
cients of the process (¢;) are such that > ;2  {a.(h)}*/?*) < 0o for some v > 0.



The mixing assumption is not very restrictive in general. For instance note that A2
is satisfied for exponential strongly mixing sequences. It is shown in Raissi (2009) that
under A1l and A2 we have

Be = /BOC + OP(T_I)'

We will consider estimators of the parameters ag. and the I'g;’s obtained as follows.
Define 6y = (ae; o1, .-, Lop—1) and &—1(8) = ((6'Z1)’, Z5,)’, where Bis a d x r
dimensional matrix. The equation (2.1) becomes

Zor = 00&i—1(Boc) + - (3.1)

Then using (3.1), the least squares estimator of 6 is given by

0(Boc) = = (Boe) {Ze(Boe)} 1, (3.2)

where
R T ) T
S.8) =T Zo& 1(B) and Se(B) =T"') & 1(B)E 1 (B).
t=1 t=1

Note that the estimator é(ﬁoc) is unfeasible since it depends on the unknown parameter
fBoe- Since the processes (5).Z1:) and (Zo;) are strictly stationary ergodic processes,
(&:(Boe)) is also a strictly stationary ergodic process. Therefore the matrices 3. (foc)
and ¢ (fo.) converge. We let

6=0(8.). (3.3)
It is easy to see that under A1 and A2, we have

0 = 0(Boc) + op(T7%). (3.4)

The following proposition gives the asymptotic normality of the estimators of the
parameter ag. and the I'g;’s.

Proposition 3.1. Under assumptions A1-A2, we have
T3 vec (0 — 6p) = N(0, %), (3.5)

where

Xy = Z E{Z¢(Boc) ™ &-1(Boc)&i—n—1(Boc) Ze(Boe) ™' @ evey_y } (3.6)

h=—00

and ¢ (Boc) = E(&(Boc)& (Boc))-

It is obvious that the asymptotic variance matrix ¥y depends on the choice of the
normalization. When the process (e;) is iid we find Xy = ¢(Bo.) ' ® Ze. Note that
the expression of the covariance matrix in the standard case can be very different from
the expression (3.6).
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4. Asymptotic distribution of the residual autocorrelations

Now we will establish the asymptotic normality of the residual autocorrelations.
Define the residuals é; = Zy; — 0&—1(5.). Note that the residuals do not depend on the
normalization. Let us consider the residual autocovariances

T
. 1
T(h)== Y @éy, for 0<h<T.
t=h+1

For a fixed integer m we define
A = vec {(fé(m,...,fe(m))}.

Denote by S. the diagonal matrix with, on the diagonal, the square roots of the
diagonal elements of I'¢(0). The residual autocorrelations at lag h are given by Rc(h) =
ST (h)S=!. We consider the following vector of the m first residual autocorrelations

P = {Im ® (S ® S)l} Ao

O = —E{w ® &1 (Boc) @ la},

where w; = (€}_4,...,€,_,,) . It can be shown that

Define

D,y = — Z[{em(i)ep(l)’ +em(i)ep(2) x (1= 1)} @ SJ(ATYB @1, (4.1)

where e,, (i) denotes the m-dimensional vector with 1 as i-th element and 0 elsewhere,
and 17,1y = 1 for p =1 and 0 for p # 1. The matrices B and A are given by

Bbe 0 ... 0 I+ aocfye Tor .. |

aocBye  Tor .. Iy
B == 0 Id and A — 0 Id 0 e 0
0 Ia 0 .0 Iy 0

We also define

- 2um Zum,e - - / _ Ut
— ( S ) = Y EYY,,, where T;= ( o ) (4.2)

h=—o00

[1]

with u; = wy ® ¢ and vy = Be(Boc) *&—1(Poc) ® €. The following proposition gives
the limiting distribution of the residual autocovariances and autocorrelations.

Proposition 4.1. Under assumptions A1-A2, we have

VTm = N(0,%5,.), (4.3)



where
25, = 2y, + D, 59D + Xy, 0P, + P2 (4.4)

U ,0°

In addition we have

VTpm = N(0,%,,), (4.5)

where
o = {In © (5c©5) 7'} 55, {In @ (82507}

Note that X5, is invariant to the choice of the normalization matrix. In the strong
case, we have By, = Bugu} = Iy @ B @ B¢, P NP, = Py {Se(Boc) ' @ B} @1,
Using the relation (F®G)(C®D) = (FC)®(GD) for matrices of appropriate dimension
we also obtain

X, o5 = —0,%.

Um,On

Thus ¥4, = 3y, — PmX,®),. Straightforward computations show that

E%n = [nQX @Y - F [wt&—l(ﬁOc)} 25(600)71E [wt&/&—l(ﬁOc)]/ ® e, (4'6)

so that we retrieve the result obtained by Briiggemann et al (2006) in the strong case.
Note that the expression of the covariance matrix in (4.4) can be very different from
the one of the standard case in (4.6).

5. Portmanteau test

In this section we consider the portmanteau tests to check the null hypothesis of
uncorrelated errors. These tests were introduced in the univariate ARMA framework
by Box and Pierce (1970) (BP hereafter) and Ljung and Box (1978) (LB hereafter).
Basic forms of the multivariate version of the BP portmanteau test statistic are

Qu = TY T (P O (), (0))
h=1

T i Tr (vec r.(h) (f;l(()) ® F;l(())) (vec fé(h))

h=1

)
= 74, (I o T 0 17(0)) 4m
®

o a (Im ® R71(0)

This test statistic was introduced by Chitturi (1974) in the framework of vector autore-
gressive models. Similarly to the univariate LB portmanteau test statistic, Hosking
(1980) defined the modified portmanteau statistic

Qu = T2 (T =) (P O (W (0)
h=1

which has better small sample properties when the error process is Gaussian. We derive
the asymptotic distribution of the portmanteau tests statistics in our framework using
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the results of the previous section. Under the assumption that (e;) is an iid white noise
Briiggemann et al (2006) found that the approximate distribution of the statistics Qp,
and Q,, is given by

Qm =~ X*(d*(m —p+ 1) — dr). (5.1)
Note that the distribution (5.1) depends on the cointegrating rank r. In the sequel the
versions of the portmanteau tests proposed by Briiggemann et al (2006) will be denoted

by BPs and LBg. The following proposition is a direct consequence of Proposition
4.1.

Proposition 5.1. Under assumptions A1 and A2, the statistics Qp, and Qm converge
in distribution, as T — oo, to

d?m
Un (Om) = Y _ iU} (5.2)
i=1
where 6 = (81, ,0qzm )’ is the vector of the eigenvalues of the matriz

A= (In @572 @ 57/2) 55, (I @ 572 0 571/2)
and the U;’s are independent N(0,1) variables.

This Proposition shows that the asymptotic distribution of @,,, and Qmisa weighted
sum of chi-squares. Contrary to the approximation in (5.1), the asymptotic distribution
we obtain depends on the cointegrating relations since Gy, appears in the expression
of the matrix X5, in (4.4). However the distribution in (5.2) does not depend on the
choice of the normalization matrix. Note also that the distribution (5.2) is given for
fixed m, while the approximation (5.1) is obtained assuming that m — oo as T'— 0.
In addition the tests we propose can be performed when d?(m — p + 1) —dr < 0.
The following example shows that, for the asymptotic distribution of Q,, and Q,,, the
x2(d?(m — p + 1) — dr) approximation is not valid in the framework of VECM with
dependent but uncorrelated errors.

Example 5.1. Consider the following bivariate VECM with p = 2 and r = 0 with
true parameter I'g; =0
AXt = POlAXt—l + €. (53)

In this case there is no cointegration and the process (X;) is a random walk. We can
consider model (5.3) for instance to test linear Granger causality in mean relations
between the components of (AX;). In this case one has to check that the error process
is a white noise in a first step.

Suppose that the innovation process (&) is an ARCH(1) model with constant cor-
relation proposed by Jeantheau (1998):

€re \ _( o O N1t
€2 0 022t 2t
U%lt o 0.3 bll 0 E%tfl
3 = + 2 .
O350t 0.2 ba1 D22 €21

Assuming for simplicity that the variance of the Gaussian iid process (n1¢,72¢)" is Ia,
we obtain when m = 2:

where



Non zero eigenvalues of | Distribution of Uy, (0r,)
A,
bt = b1 = by =0 [ (L,1,1,1) Xi
by = 0.4, by = | (1.62, 1.52, 1.02, 1.51) 1.62x7 + 1.52xF +
0.15, byg = 0.25 1.02x% + 1.51x3

This table shows that the asymptotic distribution of the goodness-of-fit portmanteau
tests may be quite different for VECM with ARCH innovations and VECM with iid
the innovations.

The different matrices involved in the computation of 5m = (31, cee 3dzm)’ can
be estimated as follows. A consistent estimator ®,, of the matrix ®,, is obtained
by replacing 8o, ape, Le and the Tg;’s by their estimators in (4.1). We compute a
consistent estimator of Z defined in (4.2) using the following method. Let us define
Tt = (’&2,’02)/ with ’&t = ’Lf}t®€t, ’lf}t = (gé_l, N 7€:€—m)/ and ’ﬁt = Eg(ﬁc)ilgt_l(ﬁc) ®€t
We also define Ay(z) = md?rd+d?(p—1) ~ 2;-1:1 Aqﬂ-zll where Ag 1, ,Ag,q denote
the coeflicients of the LS regression of T: on Y¢_1,---,YT:_,. Let €+ be the residuals
of this regression and qu =771 Z;‘ll €¢,t€, ¢ Under other additional assumptions it
can be shown that

(1>
[1]

A N P
= A (1), A7 (1) —
when ¢ = q(T) — oo and ¢3/T — 0 as T — oo. The order g can be chosen by
considering an information criterion. Using =, ®,, and (4.4), one can compute a
consistent estimator ¥4, of the matrix 5, . In addition from the consistency of 6 and

the ergodic theorem, it is clear that we have 3, := f‘E(O) = ¥¢ + 0p(1). Therefore we
define

A= (Ln© 272 057102 55 (L, 057V 0 5772),

which is such that A,, = Ay40,(1). The components of S are given by the eigenvalues
of Ay,

At the asymptotic level v, the LBw test (resp. the BPyw test) consists in rejecting
the null hypothesis of uncorrelated errors when

P{Up(6m) > Qm} <v  (resp. P{Up(6m) > Qm} < v), (5.4)

The p-values in (5.4) can be evaluated using the Imhof algorithm (Imhof (1961)) or the
saddlepoint approximation method (Kuonen (1999)). The reader is referred to Francq
and Raissi (2007, Section 4) for more details on the implementation of the BPy and
LBy tests.

6. Lagrange multiplier test

Let us consider the following VAR model for the error process

m
€ = E Yoi€t—i + et,

i=1
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where (e;) is a white noise. Then the regression model (2.1) can be written as follows

Oo&i—1(Boc) + Y doi€r—i + e

i=1
(Ci—1(Boc) @ La)ho + ey, (6.1)

with G1(8) = (§&1(8), €1, - €)'y tho = (vec (60)',¢g")" and g = vec (Yo1,
yYom). We define the matrix R = (0g2mx(dr+da?(p—1)), la>m)- Under the null
hypothesis Riy = 0 and we have ¢; = e;.

Let us define the constrained estimator ¢¢ = (vec (A)’,0,...,0)’. The score vector

at the point (BC, 0, f)e) is such that

Zot

Om(L(Be, v, 50))
oY

where In(L(3,v,%.)) is the log-likelihood function of the model (6.1). We introduce

the modified LM test statistic

R

=T (Lm @ 1) m,

Qrat, = Ty (Lim © 2% Aim.
The following proposition is a consequence of Proposition 4.1.

Proposition 6.1. Under assumptions A1l and A2, the statistic Qrns, converges in
distribution, as T — oo, to

d?m
U (tm) = > _ uUR (6.2)
k=1
where Ly = (1, , Lgzm) 18 the vector of the eigenvalues of the matriz

Am = (Idm & Eé_l) E’Ym (Idm ® Ee_l)
and the Uy ’s are independent N'(0,1) variables.

Similarly to the portmanteau tests, we find that the asymptotic distribution of the
modified LM statistic is a weighted sum of chi-squares. However the weights in (6.2)
are different from those in (5.2) in general. Note that the asymptotic distribution of
the modified LM test depends on the cointegrating relations. At the asymptotic level
v, the LMy test test rejects the null hypothesis when P{U,,(iy,) > Qras, } < v. The
vector i, is obtained by considering the matrix

A = (Idm ® 2;1) S (Idm ® 2;1) .

The modified LM test, denoted by LMy, can be implemented in a similar way to the
modified portmanteau tests.

Using the Breusch-Godfrey (Breusch (1978), Godfrey (1978)) approach we can
consider the auxiliary model

€ = (@71(66) & Id)1/~)0 + €4,
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with G-1(8) = (§-1(8): 15+, &)’y to = (vec (o), ¥5) and &5 = vee (Yo, ..
;%om). Recall that the residuals are given by & = Zo; — 0£;_1(0.). The generalized
least squares estimator of 1 is

<
|

T T
T3 G (B (Be) @ Ty TS (G (Be) @ L))

t=1 t=1

T T
= {771 G-1(B)G 1 (Be) ® La} " tvee (T &1 (5e)).

t=1 t=1
Since 7! Zthl &£ (B.) = 0, we obtain

b = (RITVR) Lam © 571 Am.

Therefore in the standard case the following statistic is considered for the Breusch-
Godfrey test

QLMS — T’lZ/*(Rj_lR/)_l’lZ*,
where o
OIn(L(Be, 1, %))
ooy’

is a consistent estimator of J = E((—1(8.)¢/_1(Be)) ® ©71. In the sequel when the

Qr1.M, statistic is considered it is assumed that J is non-singular, so that J is invertible
at least asymptotically. Under standard assumptions, Briiggemann et al (2006) showed
that

T
=T G1(B)G o (B) @ B

t=1

j:

QLM, = X2, (6.3)

The test proposed in Briiggemann et al (2006) will be denoted LMg. The asymptotic
distribution in (6.3) does not depend on the cointegrating relations while the statistic
Qrny. depends on the cointegrating relations. Note that the statistics Qraz, and
Qrm, depend on the number of residual autocorrelations m. Contrary to the modified
and standard portmanteau tests, the statistics of the modified and standard LM tests
are different. Note also that following the common approach we only use the first m
residual autocorrelations to test Hy in the different tests we consider in this paper.

7. Monte Carlo experiments

In this section we compare the small sample properties of the BPg, LBg, LMg tests
and the BPy, LBy, L My, tests with bivariate and 3-dimensional simulated processes.
We simulated n = 1000 independent trajectories of length 7' = 100, 7" = 400 and T =
1000 using parameters given in Table 1. Parameters (a) produce bivariate processes.
We obtain 3-dimensional processes using parameters (b). Parameters (a) are chosen
in the interior of the parameter space. Parameters (b) correspond to adjustment, long
run and short run parameters considered in the simulation experiments in Briiggemann
et al (2006). In practice the cointegrating rank is not known and can be tested using
the likelihood ratio test given in Johansen (1995). However since we focus on the
study of the short run relationships when the errors are dependent, our Monte Carlo
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experiments are carried out using the true cointegrating rank.

In this part we study the empirical size of the tests under comparison. We consider
the case of iid innovations and the case of dependent but uncorrelated innovations.
We first use for our study bivariate processes obtained using parameters (a) and test
the null hypothesis at the asymptotic nominal level 5%. The error process is normally
distributed with mean zero and variance matrix I» in the iid case. To assess the finite
sample properties of the tests in presence of weak errors, we use the following ARCH
innovations with constant correlation presented in Example 5.1,

€1¢ o 0 it
= 7.1
<€2t) (0 U2t><772t) (7.1)
B\ (01, (03 01 (&
o3 )=\ o1 0.2 03 )\ &_,

and the iid process 7y = (14, ngt)' is such that n; ~ N (0, Iz). In this case the process
(&) is a martingale difference and presents conditional heteroscedasticity.

The results for processes generated using parameters (a) are presented in Table
2 when the innovations are iid, and in Table 3 when the error processes follow the
weak white noise (7.1). For n = 1000 replications and under the hypothesis that the
finite sample size of the tests is 5%, the relative rejection frequency should be between
the significant limits 3.65% and 6.35% with probability 0.95. Therefore the relative
rejection frequencies are displayed in bold type when they are outside the 5% significant
limits 3.65% and 6.35%.

In Table 2 the results of the standard tests are better than those of the modified
tests for samples of size T = 100. A possible explanation is that, on contrary to the
standard tests, the computation of the critical values for the modified tests requires
estimating parameters. Moreover a high dimension process is used for the estimation
of Z. However for larger samples the results are similar for the tests under comparison.
The empirical sizes decrease for large m.

For the weak white noise when 7' = 100, see Table 3, the same comments can
be made as in the iid case. For large samples the standard tests are clearly oversized.
From our simulation results the chi-square approximation of the standard portmanteau
tests does not seem more satisfactory when the innovations are not independent. In
general the results for the BPg, LBg and LMg tests can be explained by the fact that
dependent errors are not taken into account in the standard theoretical framework.
When the sample is large, the modified tests perform well.

In order to study the behaviour of the different tests when the dimension increases,
we consider parameters (b). The errors are iid normally distributed with variance
matrix I3. From Table 4 we can draw the conclusion that, in general, the modified
tests perform much better than the standard tests for small m. For a large number of
residual autocorrelations (m = 20), the modified tests seem to be more conservative
than the standard tests.

where



13

In the empirical power part of this section, we study the ability of the different
tests to detect the serial correlation of the error terms. We consider bivariate processes
obtained using parameters (a) and test the null hypothesis at the asymptotic nominal
level 5%. In a first experiment we use the following correlated error process

€: = cos(0.5 arcsin(2w1))n: + sin(0.5 arcsin(2wy ) )1mp—1.

It is easy to check that Var(e;) = I and Corr(et, e;—1) = wilo. The different tests are
performed for m = 3 and m = 10. We only simulated samples of length 7" = 100 and
T = 1000. The results for the LBy and LBg tests are displayed in Figures 10.1 and
10.2. The results for the BP tests, which are similar, are not displayed. The results
for the LMy and LMg tests are displayed in Figures 10.3 and 10.4. To study the case
where the errors are correlated at higher lag, we use the following errors

5
€kt = Nkt + wa Z Mt —is (7.2)
i=1
with £ = 1,2. In this case ¢ and €;_; are correlated for ¢ < 5 and independent for
1 > 5 when ws # 0. We only displayed the results for m = 10 and 7' = 1000 in Table
5. Several values of w; and wy are considered in our experiments.

From Figure 10.1 we note that for small samples and large m the LBg is more
powerful than the LBy,. When m is small and the samples are small, the power of the
LBy and LBg are similar. From Figure 10.3 the same remarks can be made for the
LMg and LMyy tests. This confirms that, in general, the standard tests have better
finite sample properties than the modified tests when the samples are small. However
we can remark from Figures 10.2 and 10.4 that the power of the different tests are
similar for large samples. According to the results of Table 5, we can draw the same
conclusion when the errors are correlated at higher lag. Therefore when the samples
are large, it appears that the standard tests have no power advantage on the modified
tests. As expected when we increase m, the power decreases noticeably for the different
tests.

Some final remarks on the number of residual autocorrelations have to be made.
When the samples are large, the rejection frequencies of the modified tests seem to be
closer to the asymptotic nominal level for m = 1,5, 10 than the case where we take m =
20 in Tables 2 and 3. Therefore we recommend to choose a small number of residual
autocorrelations for the modified tests. Note also that the over rejections for small m of
the standard portmanteau tests when the errors are dependent in Table 3 are not due
to the choice of m. Indeed we can see from Table 2 that the standard portmanteau tests
well control the error of first kind when the innovations are independent for m = 5, 10.

8. Conclusion

In this work we considered VECM with uncorrelated but nonindependent inno-
vations. There exist numerous models in the literature which can be adjusted to
the error process and do not satisfy the iid assumption. Thus it is important to
consider innovations which are only uncorrelated. In this framework, we established
the asymptotic normality of the estimators of the short run and adjustment parameters.
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We also proposed a methodology to test the uncorrelatedness of dependent innovations
when the variables are cointegrated. The tests introduced in this paper are a little
more sophisticated than the standard tests. For this reason we do not recommend
to use these tests when the sample is small. However we found that the usual chi-
square approximation for the portmanteau tests is no more valid when the errors are
not independent. Similarly the Lagrange multiplier test based on standard arguments
seems not valid in presence of dependent errors for large samples. The tests we propose
are built taking into account the possible dependence of the errors. In addition from
the simulation results, the sample performances of the proposed tests are in general
better or similar to those of the standard tests for large samples. Finally it should
be noted that we often have no evidence on the independence of the innovations in
practice. Thus we can draw the conclusion that it seems preferable to use the modified
tests we propose when the samples are large.

9. Proofs

In order to prove Propositions 3.1 and 4.1, we have to state some intermediate
asymptotic results. First we will state the following Lemma in which we use the
mixing properties of the process (€;).

Lemma 1. Under A1 and A2 we have

+oo
SUP § | COU(Emltemgt—iuEm’lt—hem’zt—j—h) |< o0,
b p=—oo
where my, ma,my, mh € {1,...,d}.

Proof of Lemma 1. The result of Lemma 1 is a consequence of the Davydov inequality
(Davydov (1968)) and is proved in Raissi (2009).

Now define the linear process V; = Y77 D;e—;, where D(z) = Y% D;z' is
convergent for | z |< 1+ & for some £ > 0.

Lemma 2. Under A1 and A2 we have

T3 Z vec (e,V/_1) = N(0,Q),

t=1
where Q is of the form

Q= Z E{ViaV/ ) 1 @ee;_p}.

h=—o00

Proof of Lemma 2. Lemma 2 is a consequence of the CLT of Herrndorf (1984) and
Lemma 1. This result is proved in Raissi (2009).

Proof of Proposition 3.1. First note that from (3.4) we have T2vec {0 — 0(8o.)} =
op(1). Then it suffices to show the asymptotic normality of T2 vec {6(fBoc) — o} From
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(3.1) and (3.2) we have
T

Tavec {(6(Boc) —60)} = T72 'y vec{eréi_ (o) Se(Boc) '}

t=1
Using the Slutsky lemma we obtain

TEvec {(6(oc) —00)} = T~ % Zvec{et@ 1(Boe)Se(Boc) 1} + op(1). (9.1)

=1
From (2.4) and (2.5) the vector ¥¢(8o.) 1€ (Boc) can be written as

Se(Boe) "€ (Boc) = 2196“

where 9(z) = > 2, U;2" is convergent for | z |< 1+ 6 for some § > 0. Then using
Lemma 2 the result (3.5) follows. O

Proof of Proposition 4.1 First let us define the white noise "empirical" autoco-
variances

T
1
C) = Tt;rl €€, and ¢y = vec {(C1,...,Cp)}.

We only show the asymptotic normality of T2 (c/,,, vec (§ — 85)’)'. The rest of the proof
is similar to the proof of Theorem 1 of Francq and Raissi (2007). Similarly to the
proof of Proposition 3.1 this amounts to show the asymptotic normality of the joint
distribution of ¢,, and vec ((Bo.) — o).

Using the relation vec (gb') = b ® g where g and b are vectors, we write ¢, =

T-! Zthl{wt ® €} and

T
vee {(B(Boc) —00)y =T~ vee {eél_1 (Boe)Ze(Boc) '}

t=1

T
o Z 25(500)7151%4(5%) ® €.
t=1

Then from (9.1), we have

\/T< vee {é(;;nc) — 6o} ) N %i ( EE(ﬂo«:)fuljszgﬁoc) ® € ) +op(l),

Using the relation g ® o' = gb’, it follows that

c T
\/T ( vec {é(ﬁoc) - 90} ) Z Yt—1 ® 6,5) + Op(l)

vec (e @ ;1) + op(1)

&
Il
A

Fjs

ec (€y;—1) + op(1),

5= 5= 5=
Mﬂl\

&
Il
A
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where yr—1 = {€,_1,. .., €., & _1(Boc)Be(Boe) "} . Using again Lemma 2 and noting
that vec (e;y;_,) = T+, where (T}) is defined in (4.2), we obtain

VI (e iy — ) = 2103

Considering Cj, and I'c(h) as values of the same function at the points 6y and 6(S3.)
(see Francq and Raissi (2007)), it can be shown that

Am = em + @m[vec {B(Boc) — Bo}] + 0p(T7%),
and then we obtain (4.3). The result (4.5) can be easily obtained from (4.3). O

Appendix A: Models with deterministic parameters

In this part we consider VECMs which allow for a nonzero mean or a linear trend
for 3’ X;. Let us consider the following VECM

po—1
Azy = oo + port + oSy Xe—1 + Z PoiAXi—i + €.
i—1

Using similar assumptions as in Section 2, it follows from Granger’s representation
theorem that

t
Xy = C Z(Ez + oo + Nolt) + C(L)(Et + oo + Molt) + A
i=1
t
C> i+ port + poo + Yi + A, (9.2)

i=1

The following restrictions are usually considered in the literature

Ri: por = atg

Ri: po1=0 (9.3)
Ry poo = atps and o1 =0

Ryt poo = po1 = 0.

Note the relation R; C ]:ZS C ]:Zl C Ry;. The restriction Rs correspond to the case
without deterministic terms studied in this paper. If we suppose that R; hold, we may
have po1 # 0 and poo # 0 and in this case (3, X;) can be composed by a stationary
process plus a linear trend. We say in this case that (8)X;) is trend stationary. If
R; hold, again we may have p,; # 0 and pyo # 0, but (3,X;) is stationary. If R,
hold we obtain p,; = 0 but we still may have p,9 # 0, and in this case it is allowed
to have E(8)X:) # 0. Finally the restriction Ry does not allow for any deterministic
component for (G)X;) and (X;). In these cases the number of independent linear
combinations ) X; which are such that the random walk behaviour is vanished is the
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cointegrating rank. Note also that from (9.2) the process (AX;) is stationary in all
cases, so that (X;) is I(1). We do not discuss the unrestricted case which produce
nonstationary processes with quadratic trend since it is rarely faced in practice.

We consider restrictions as in Section 2 to ensure identification. For restrictions R
and R, the parameters 79, and 7y.s are estimated by reduced rank regression defining
Bor = (Bhe., T0er) With Zt, = (X]_1,t)" and Bos = (Bhe, Toes) With Z5, = (X]_;,1)". For
restriction By we define Zj, = (AX,_|,...,AX] ,,,,1) and &_, = ((64,21,), 23}
The LS estimator of 6!/ = (aoe, Lot -..Top—1, o) is obtained similarly as in (3.3). In
the case of R; we consider &, = ((8yX;_1)’, Z4)'. In the case of R, the estimator of
6o = (cwe;To1 ... Top—1) is obtained considering &, = ((8(:Z3,) s Z4,)" recalling that
Zoy = (AX{_y,...,AX;_,.1)". In the sequel we denote these estimators by *, * and
0 with obvious notations. Similarly to (3.2) we also define the unfeasible estimators

0+ (Bor), 0 (Boc) and 0(Bos).
_ Considering similar arguments used in lemma 13.1 of Johansen (1995) for restriction
R; (see also Raissi (2007, p 110) for restriction R;) it can be shown that

0" = 6"(Bor) + 0p(T73), 0" = 6" (Boc) + 0, (T %) and § = 0(Bos) + 0p(T%).

Then for the different restrictions considered in (9.3) the method for building tests
based on the residual autocorrelations is completely similar to the case Rs. However
note that for restrictions R;, R; and R, we obtain

o, = —E{w, ¢ ® 14},

o = —Blw & | ©l},

and R _,
8 =—F{lw ®&_, @I}

Using (9.2) we write

B'X, = [pot+ B po+ Y, in the case of R,

X = Bpoo+ Y,
in the case of R; and
B'X, = [poo+ Y, in the case of R,.

Let us define £ = (X;_1,AX}_4,..., AX{_ 1) Since E(e;) = 0, the deterministic
terms vanishes in the expressions of ®. | ®! and @, and we have

E{w ® 5571} = E{w; ® &, 0pmax1},
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E{w: ® g—l} = E{w; ® £, 0nax1}
and ., )
E{w ® & 1} = B{w; ® £'}.

Note also that we can write in all cases

& = A&y—1 + fioo + fiort + &,

where & = (€}, ¢€,0,...,0)", fioo = (kogs ops 05 -+ -, 0) and fior = (p5y, f161,0, ..., 0)".
Therefore the expression of @7, is the same to that of ®,,. The expression of the dp
first columns of ®, and ®! are the same to that of ®,,. The last d columns of ®!
and ®! are equal to zero.

Appendix B: Computation of the weights of the weighted sum of Chi
squares

Given d-multivariate observations Xi,..., X7, one can use the following steps to
implement the tests introduced in this paper for testing the adequacy of the autore-
gressive order of a VECM.

1) Compute the estimates ée, B.,T1..., f‘p_l :
2) Compute the residuals ¢, = AX; —dCBéXt,l —Zf;ll fiXt,i, fort=p—1,...,T,

and the residual autocovariances I'c(0) = 3, and T'c(h), for h =1,...,m;
3) Compute
€t—1
?t: A ©é for t=m+1,...,T;
€t—m
Se(Be) 711 (Be) @ &
4) Compute the first pg + 1 autocovariances of Tl, ceey ?T;

5) Using the Durbin-Levinson algorithm, fit the AR(po) model
Po . N\ R
(ijr — :g:: ,/lilgl:) ’Iat = l]};
i=1

6) Define the estimator

(1
I
~/
> o
o
3
>0 ’
3
=
N———
=
3
Il
I
3
L
— =
-
3
X
=
_l’_
\')—‘
!
®
mM>
——
7 N\
-
N———
®
<
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8) Compute the eigenvalues (51,d2m7 e ,5dzm7dzm) of

Q,, = (Im 712 25_1/2) S, (Im 712 25_1/2) :
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10. Tables and Figures

TABLE 1: Parameters used in the Monte Carlo experiments.

(a)d=2, p= 2 r=
- 1 0.3 0.2
O‘°C‘< 0.4 > 50c—(_1> F_<0.1 0.4>
b) d - 7 p= 7
0.2 O -1 -1 0.5 —-02 -0.2
Qpe = -0.2 0.2 Boec = 1 0 I'= -0.2 05 =02
0 0 0 1 -0.2 -0.2 0.5

TABLE 2: Empirical size (in %) of the portmanteau and LM tests for the DGP (a) in the
strong case.

m=1 m=2>5
T=100 T =400 T =1000| T =100 T =400 T = 1000
BPy 6.8 5.2 5.7 13.0 4.7 5.1
BPg n.a. n.a. n.a. 4.4 5.1 5.4
LBy 6.9 5.2 5.7 14.2 5.0 5.2
LBg n.a. n.a. n.a. 5.4 5.3 5.5
LMy 7.3 5.2 5.8 13.4 4.9 5.1
LMg 5.9 5.0 5.0 5.5 5.3 6.4
m = 10 m = 20
T=100 T =400 T =1000 | T'=100 T =400 T = 1000
BPy, 1.5 3.4 4.7 0.3 3.2 3.9
BPg 2.9 4.0 5.3 1.3 3.7 4.1
LBy 3.0 4.3 5.2 2.1 4.3 4.1
LBg 5.0 4.6 5.7 5.8 5.9 4.8
LMy 1.1 3.3 4.7 0.5 3.3 3.7
LMg 4.9 5.4 5.6 2.1 5.2 5.5

n.a.: not available.
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TABLE 3: The same as for Table 2 but for the weak case (7.1).

m=1 m=2>5
T=100 T =400 T =1000 | T'=100 T =400 T = 1000
BPy, 6.1 5.1 4.8 9.6 4.4 5.3
BPg n.a. n.a. n.a. 5.7 10.3 12.7
LBy 6.2 5.1 4.8 10.7 4.8 5.4
LBg n.a. n.a. n.a. 7.0 10.4 13.1
LMy 7.0 5.2 5.1 9.8 5.5 5.9
LMg 10.1 11.1 12.2 8.9 10.6 12.4
m =10 m = 20
T=100 T =400 T =1000| T =100 T =400 T = 1000
BPy 1.1 2.4 4.4 0.3 2.6 3.5
BPg 2.9 6.3 8.9 1.5 4.4 6.7
LBy 2.6 3.6 4.8 1.7 3.4 3.8
LBg 5.3 6.9 9.1 6.2 6.5 7.3
LMy 1.2 2.8 4.8 0.4 2.7 3.5
LMg 7.5 8.6 10.3 3.3 6.2 8.2

n.a.: not available.

TABLE 4: Empirical size (in %) of the portmanteau and LM tests for the DGP (b) in the
strong case.

m =1 m=>5
T=100 T =400 T =1000 | T'=100 T =400 T = 1000
BPy, 16.1 4.8 6.2 5.1 4.1 4.5
BPg n.a. n.a. n.a. 11.1 11.9 11.5
LBy 16.8 4.8 6.2 6.4 4.8 4.8
LBg n.a. n.a. n.a. 14.7 12.8 11.7
LMy 16.8 5.3 6.5 6.0 4.6 4.7
LMg 14.7 6.8 6.4 13.7 12.4 10.9
m =10 m = 20
T=100 T =400 T =1000| T =100 T =400 T = 1000
BPy 2.1 2.3 4.4 0.1 0.9 1.6
BPs 3.7 5.0 5.7 1.0 2.8 3.1
LBy 3.9 3.4 4.7 3.1 1.7 2.2
LBg 8.2 5.9 6.2 6.5 4.7 4.7
LMy 2.4 2.4 3.9 0.1 0.7 1.9
LMg 10.0 8.5 9.8 3.2 6.1 6.0

n.a.: not available.
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TABLE 5: Empirical power (in %) of the portmanteau and LM tests for the DGP (a) with
errors given in (7.2), with 7"= 1000 and m = 10.

wa 0 (0102 )|03]| 04| 05| 06 | 07 ] 09
BPy |49 |64 | 14.5 | 31.8 | 56.9 | 79.6 | 90.7 | 97.5 | 99.7
BPs | 53|68 15.6 | 33.9 | 58.0 | 80.5 | 91.1 | 97.6 | 99.7
LBy | 53| 6.6 | 152 | 33.3 | 57.8 | 80.4 | 90.9 | 97.5 | 99.7
LBs | 5.7 |71 16.1 | 35.0| 589 | 81.0 | 91.5 | 97.8 | 99.7
LMw | 46 | 6.1 | 14.6 | 31.7 | 56.5 | 79.4 | 90.5 | 97.1 | 99.7
LMs | 5.7 |81 16.6 | 35.7 | 60.1 | 81.2 | 92.5 | 97.8 | 99.8

0.2

0.4

w1

-0.4

-0.2

0.2

0.4 w1

F1cUre 10.1: Empirical power (in %) of the LBg test (dotted line) and LByy test (full line) for the
DGP (a) with T'= 100. We take on the left m = 3 and on the right m = 10.
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FIGURE 10.2: The same as for the Figure 10.1 but for 7' = 1000.
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DGP (a) with T' = 100. We take on the left m = 3 and on the right m = 10.

F1cUre 10.3: Empirical power (in %) of the LM test (dotted line) and LMy test (full line) for the

FIGURE 10.4: The same as for the Figure 10.3 but for T' = 1000.



