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Abstract

We consider in this paper the estimation and test-of-fit for vector error
correction models with nonindependent innovations. The asymptotic properties
of the residual sample autocorrelations are derived. It is shown that the
asymptotic distribution can be quite different for models with iid innovations
and models in which the innovations are nonindependent. Consequently, the
usual chi-square distribution does not provide an adequate approximation of
the distribution of the Box-Pierce goodness-of-fit portmanteau statistic in the
presence of nonindependent innovations. We thus propose modified portman-
teau and Lagrange Multiplier (LM) tests whose asymptotic distributions are
a weighted sums of independent chi-squared random variables. Monte Carlo
experiments illustrate the finite sample performance of the different tests.

Keywords: Cointegration; Weak error process; Portmanteau tests; Lagrange
multiplier test; Vector Error Correction Model.

1. Introduction

The use of Vector Error Correction Models (VECM) in the study of multivariate
non stationary time series has become of increased interest in recent years. The main
reason is that VECM allow to describe the long run relationships and the short run
relationships of non-stationary variables (see Johansen (1995) or Lütkepohl (2005)
for the statistical analysis and illustrations of the use of the VECM). In VECM, the
cointegrating rank gives the number of independent linear stationary combinations of a
multivariate nonstationary process. The autoregressive order gives the number of short
run relations. In the literature, useful tools have been developed to analyze the long
run relationships, in particular the identification of the cointegrating rank. However
less attention has been given to the short run relationships in the VECM framework,
in particular the autoregressive order. Tests for the cointegrating rank depend on the
autoregressive order p. Then it is important to choose the correct autoregressive order
for the overall understanding of the VECM.

Duchesne (2005) studied tests for serial correlation in the case of vector autore-
gressive models with exogenous variables when some variables are cointegrated. Tests
based on the residual autocorrelations in the framework of the VECM were considered
by Brüggemann, Lütkepohl and Saikkonen (2006). An important output of their work
is that the asymptotic distribution of the portmanteau tests statistics depends on
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the cointegrating rank. They also proposed Lagrange multiplier tests for cointegrated
series. A crucial assumption of their work is that they consider iid innovations.

However the assumption that the innovations are iid is often considered to be too
restrictive. Indeed many economic data present dependent innovations. Some recent
works pointed out that, in some cases, the assumption of iid errors is not valid (see
e.g. Francq, Roy and Zakoïan (2005) or Romano and Thombs (1996)). There are
models which are martingale differences as the class of multivariate GARCH models
(see e.g. Bollerslev (1990), Engle and Kroner (1995) or Jeantheau (1998)). Some
models produce processes which are uncorrelated but not a martingale difference in
general as the class of the all-pass models (see e.g. Andrews, Davis and Breidt (2006)).
In this paper we will study estimation of the adjustment and short run parameters. We
will propose portmanteau tests and a Lagrange multiplier test which take into account
nonindependent but uncorrelated innovations.

Francq and Raïssi (2007) considered portmanteau tests for stationary autoregressive
multivariate processes. They relaxed the assumption of iid innovations and adjusted
the critical values of the portmanteau tests in consequence. They found that the usual
chi-square approximation can be misleading in presence of nonindependent errors or
when the roots of the autoregressive polynomial are close to one. We will extend their
methodology in the context of cointegrated variables.

The structure of the paper is as follows. In Section 2, the model we use in this paper
is presented. In Section 3 we derive the estimators of the parameters of our model and
we give the asymptotic behaviour of the residual autocorrelations. Section 4 studies
the asymptotic behaviour of the residual autocorrelations. We obtain in Section 5
the asymptotic distribution of the portmanteau test for VECM with nonindependent
innovations. In Section 6 we study the asymptotic distribution of the LM test statistic.
In Section 7 Monte Carlo experiments are performed. The proofs are relegated to the
appendix.

In the sequel the following notations are used. Weak convergence is denoted by ⇒
and we denote by

P→ the convergence in probability. Considering a d× r-dimensional
matrix A, we define the orthogonal complement A⊥, which is a full column rank d ×
(d−r) matrix such that A′A⊥ = 0. The symbol ⊗ denotes the usual Kronecker product
and vec(A) denotes the vector obtained by stacking the columns of the matrix A. The
trace of the matrix A is denoted by Tr.

2. Characterization of the model

We consider the following vector error correction model

∆Xt = α0β
′
0Xt−1 +

p−1∑

i=1

Γ0i∆Xt−i + ǫt (2.1)

where α0 and β0 are full column rank matrices of dimension d × r. The process (Xt)
is of dimension d and ∆Xt := Xt −Xt−1. The Γ0i’s, i ∈ {1, ..., p− 1}, are d× d short
run parameter matrices. By convention the sum in (2.1) vanishes when p = 1. Note
that if r = 0 the relation (2.1) is a vector autoregressive model for the process (∆Xt).
The error process (ǫt) is usually assumed iid Gaussian. We will consider in the sequel
a weaker assumption for the error process. Let us denote by | . | the determinant of a
square matrix. In the rest of the paper we shall assume that | B(z) |= 0 implies that
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| z |> 1 or z = 1 and that | α′
0⊥Γ0β0⊥ |6= 0, where

B(z) = (1 − z)Id − α0β
′
0z −

p−1∑

i=1

Γ0i(1 − z)zi and Γ0 = Id −
p−1∑

i=1

Γ0i.

Under these assumptions it follows from Granger’s representation theorem given in
Johansen (1995 p 49) that

Xt = C

t∑

i=1

ǫi + Yt +A, (2.2)

where C = β0⊥(α′
0⊥Γ0β0⊥)−1α′

0⊥. The vector A depends on initial values and is such
that β′

0A = 0. The stationary process (Yt) is of the form

Yt =

∞∑

i=0

ϕ0iǫt−i, (2.3)

where the power series C(z) =
∑∞

i=0 ϕ0iz
i is convergent for | z |≤ 1+κ for some κ > 0.

From (2.2) we have

β′
0Xt = β′

0Yt−1, (2.4)

and
∆Xt = Cǫt + ∆Yt. (2.5)

In general the iid Gaussian assumption on (ǫt) may appear too strong for tests based
on the autocorrelations of the process ǫt. Indeed there are numerous models which can
be adjusted to the error process and do not satisfy the strong assumption of Gaussian
iid innovations as for instance the multivariate GARCH models or all-pass models.
The statistical analysis of these models have a recent important development (see e.g.
Bauwens, Laurent and Rombouts (2006) for the GARCH models or Andrews, Davis
and Breidt (2006) for the all-pass models). In addition it is well known that there are
many situations where the standard assumption is not satisfied (see e.g. Francq and
Zakoïan (1998) in the univariate case). Therefore we will consider the following weaker
assumption which is more appropriate in many cases.

Assumption A1 The error process (ǫt) is strictly stationary ergodic with finite
positive definite covariance matrix Σǫ, such that E(ǫt) = 0 and Cov(ǫt, ǫt−h) = 0, for
all h 6= 0.

This assumption allows us to consider a wider class of error processes than the
usual iid white noise. A sequence (ǫt) satisfying A1 will be called weak white noise.
The results of Granger’s representation theorem still hold when the assumption of iid
Gaussian innovations is replaced by A1. Then from (2.4) we see that the process
(β′

0Xt) is strictly stationary. The cointegrating rank r corresponds to the dimension
of the process (β′

0Xt), that is the number of independent linear combinations of the
components of the process (Xt) which are strictly stationary. From (2.5) the process
∆Xt is strictly stationary and we say that (Xt) is I(1). It is interesting to note
that the interpretation of some events can change in our framework. Indeed consider
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the projection Pα on the space spanned by the columns α0 and the projection Pα⊥

on the orthogonal space of the space spanned by the columns of α0. Therefore the
independence between the permanent shocks Pα⊥

ǫt and the transitory shocks Pαǫt is
no longer ensured if (ǫt) is not Gaussian.

Let us denote by Sǫ the diagonal matrix with diagonal elements
√
E(ǫ2it), where

ǫit is the i-th coordinate of ǫt. We also define the theoretical autocorrelations at lag
h of the error process Rǫ(h) = S−1

ǫ Γǫ(h)S
−1
ǫ with Γǫ(h) := E(ǫtǫ

′
t−h) for all h 6= 0.

To check the adequacy of the autoregressive order of the model (2.1), it is a common
practice to test the following pair of hypotheses

H0 : Rǫ(h) = 0 vs. H1 : ∃ h ≥ 1 such that Rǫ(h) 6= 0.

Note that in (2.1) the parameters α0 and β0 are not identified. Then to get rid of
this problem one can consider the following normalization

β0c = β0(c
′β0)

−1 and α0c = α0β
′
0c, (2.6)

where the matrix c is of dimension d× r and is such that c′β0 has full rank. We have
α0β

′
0 = α0cβ

′
0c. Once α0 and β0 have been normalized in (2.1), one can derive the

estimators of the adjustment and cointegration spaces.

3. Asymptotic behaviour of the estimators

In this section we derive the estimators and state the results we need for our
tests. Note that in our framework we use the quasi maximum likelihood method
since we relaxed the iid Gaussian assumption. Following the estimation procedure
described in Johansen (1995) the estimator of β0c can be obtained by reduced rank
regression. Consider the observations X1, . . . , XT . Let Z0t = ∆Xt, Z1t = Xt−1 and
Z2t = (∆X ′

t−1, . . . ,∆X
′
t−p+1)

′ where Xt = 0 for t ≤ 0. We define the matrices

Mij = T−1
∑T

t=1 ZitZ
′
jt and Sij = Mij −Mi2M

−1
22 M2j for i, j ∈ {0, 1}. Considering

eigenvectors v̂1, . . . , v̂d of the corresponding eigenvalues µ̂1 ≥ · · · ≥ µ̂d > 0 of the

matrix S
− 1

2

11 S10S
−1
00 S01S

− 1

2

11 , we set

β̂ = S
− 1

2

11 (v̂1, . . . , v̂r).

For our asymptotic results we shall assume in the sequel that the cointegrating rank is
well fitted. The normalized estimator of β0c is given by β̂c = β̂(c′β̂)−1. Let us define
the strong mixing coefficients αa(h) for a given stationary process (at)

αa(h) = sup
A∈σ(au,u≤t),B∈σ(au,u≥t+h)

|P (A ∩B) − P (A)P (B)| ,

which measures the temporal dependence of the process (at). We also define ‖at‖q =

(E‖at‖q)
1/q

, where ‖.‖ denotes the Euclidean norm with E‖at‖q < ∞ and q ≥ 1.
Consider the following additional assumption.

Assumption A2 The process (ǫt) satisfies ‖ǫt‖4+2ν < ∞ , and the mixing coeffi-

cients of the process (ǫt) are such that
∑∞

h=0{αǫ(h)}ν/(2+ν) <∞ for some ν > 0.
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The mixing assumption is not very restrictive in general. For instance note that A2

is satisfied for exponential strongly mixing sequences. It is shown in Raïssi (2009) that
under A1 and A2 we have

β̂c = β0c +OP (T−1).

We will consider estimators of the parameters α0c and the Γ0i’s obtained as follows.
Define θ0 = (α0c,Γ01, . . . ,Γ0p−1) and ξt−1(β) = ((β′Z1t)

′, Z ′
2t)

′, where β is a d × r
dimensional matrix. The equation (2.1) becomes

Z0t = θ0ξt−1(β0c) + ǫt. (3.1)

Then using (3.1), the least squares estimator of θ0 is given by

θ̂(β0c) = Σ̂z(β0c){Σ̂ξ(β0c)}−1, (3.2)

where

Σ̂z(β) = T−1
T∑

t=1

Z0tξ
′
t−1(β) and Σ̂ξ(β) = T−1

T∑

t=1

ξt−1(β)ξ′t−1(β).

Note that the estimator θ̂(β0c) is unfeasible since it depends on the unknown parameter
β0c. Since the processes (β′

0cZ1t) and (Z0t) are strictly stationary ergodic processes,
(ξt(β0c)) is also a strictly stationary ergodic process. Therefore the matrices Σ̂z(β0c)
and Σ̂ξ(β0c) converge. We let

θ̂ = θ̂(β̂c). (3.3)

It is easy to see that under A1 and A2, we have

θ̂ = θ̂(β0c) + oP (T− 1

2 ). (3.4)

The following proposition gives the asymptotic normality of the estimators of the
parameter α0c and the Γ0i’s.

Proposition 3.1. Under assumptions A1-A2, we have

T
1

2 vec (θ̂ − θ0) ⇒ N (0,Σθ), (3.5)

where

Σθ =

∞∑

h=−∞

E
{
Σξ(β0c)

−1ξt−1(β0c)ξ
′
t−h−1(β0c)Σξ(β0c)

−1 ⊗ ǫtǫ
′
t−h

}
, (3.6)

and Σξ(β0c) = E(ξt(β0c)ξ
′
t(β0c)).

It is obvious that the asymptotic variance matrix Σθ depends on the choice of the
normalization. When the process (ǫt) is iid we find Σθ = Σξ(β0c)

−1 ⊗ Σǫ. Note that
the expression of the covariance matrix in the standard case can be very different from
the expression (3.6).
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4. Asymptotic distribution of the residual autocorrelations

Now we will establish the asymptotic normality of the residual autocorrelations.
Define the residuals ǫ̂t = Z0t− θ̂ξt−1(β̂c). Note that the residuals do not depend on the
normalization. Let us consider the residual autocovariances

Γ̂ǫ(h) =
1

T

T∑

t=h+1

ǫ̂tǫ̂
′
t−h, for 0 ≤ h < T.

For a fixed integer m we define

γ̂m = vec
{(

Γ̂ǫ(1), . . . , Γ̂ǫ(m)
)}

.

Denote by Ŝǫ the diagonal matrix with, on the diagonal, the square roots of the
diagonal elements of Γ̂ǫ(0). The residual autocorrelations at lag h are given by R̂ǫ(h) =
Ŝ−1

ǫ Γ̂ǫ(h)Ŝ
−1
ǫ . We consider the following vector of the m first residual autocorrelations

ρ̂m =

{
Im ⊗

(
Ŝǫ ⊗ Ŝǫ

)−1
}
γ̂m.

Define

Φm = −E{wt ⊗ ξ′t−1(β0c) ⊗ Id},
where wt = (ǫ′t−1, . . . , ǫ

′
t−m)′. It can be shown that

Φm = −
m∑

i=1

[{em(i)ep(1)′ + em(i)ep(2)′ × (1 − 1{p=1})} ⊗ Σǫ](A
i−1)′B′ ⊗ Id, (4.1)

where em(i) denotes the m-dimensional vector with 1 as i-th element and 0 elsewhere,
and 1{p=1} = 1 for p = 1 and 0 for p 6= 1. The matrices B and A are given by

B =





β′
0c 0 . . . 0

0 Id
...

...
. . .

0 . . . Id




and A =





I + α0cβ
′
0c Γ01 . . . Γp−1

α0cβ
′
0c Γ01 . . . Γp−1

0 Id 0 . . . 0
...

. . .
...

0 . . . 0 Id 0




.

We also define

Ξ =

(
Σum

Σum,θ

Σ′
um,θ Σθ

)
=

∞∑

h=−∞

EΥtΥ
′
t−h, where Υt =

(
ut

vt

)
, (4.2)

with ut = wt ⊗ ǫt and vt = Σξ(β0c)
−1ξt−1(β0c) ⊗ ǫt. The following proposition gives

the limiting distribution of the residual autocovariances and autocorrelations.

Proposition 4.1. Under assumptions A1-A2, we have

√
T γ̂m ⇒ N (0,Σγ̂m

), (4.3)
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where

Σγ̂m
= Σum

+ ΦmΣθΦ
′
m + Σum,θΦ

′
m + ΦmΣ′

um,θ. (4.4)

In addition we have √
T ρ̂m ⇒ N (0,Σρ̂m

), (4.5)

where

Σρ̂m
=
{
Im ⊗ (Sǫ ⊗ Sǫ)

−1
}

Σγ̂m

{
Im ⊗ (Sǫ ⊗ Sǫ)

−1
}
.

Note that Σγ̂m
is invariant to the choice of the normalization matrix. In the strong

case, we have Σum
= Eutu

′
t = Im ⊗ Σǫ ⊗ Σǫ, ΦmΣθΦ

′
m = Φm

{
Σξ(β0c)

−1 ⊗ Σǫ

}
Φ′

m.
Using the relation (F⊗G)(C⊗D) = (FC)⊗(GD) for matrices of appropriate dimension
we also obtain

Σum,θ̂n

= −ΦmΣθ.

Thus Σγ̂m
= Σum

− ΦmΣθ̂Φ
′
m. Straightforward computations show that

Σγ̂m
= Im ⊗ Σǫ ⊗ Σǫ − E

[
wtξ

′
t−1(β0c)

]
Σξ(β0c)

−1E
[
wtξ

′
t−1(β0c)

]′ ⊗ Σǫ, (4.6)

so that we retrieve the result obtained by Brüggemann et al (2006) in the strong case.
Note that the expression of the covariance matrix in (4.4) can be very different from
the one of the standard case in (4.6).

5. Portmanteau test

In this section we consider the portmanteau tests to check the null hypothesis of
uncorrelated errors. These tests were introduced in the univariate ARMA framework
by Box and Pierce (1970) (BP hereafter) and Ljung and Box (1978) (LB hereafter).
Basic forms of the multivariate version of the BP portmanteau test statistic are

Qm = T

m∑

h=1

Tr
(
Γ̂′

ǫ(h)Γ̂
−1
ǫ (0)Γ̂ǫ(h)Γ̂

−1
ǫ (0)

)

= T
m∑

h=1

Tr
(
vec Γ̂ǫ(h)

)′ (
Γ̂−1

ǫ (0) ⊗ Γ̂−1
ǫ (0)

)(
vec Γ̂ǫ(h)

)

= T γ̂′m

(
Im ⊗ Γ̂−1

ǫ (0) ⊗ Γ̂−1
ǫ (0)

)
γ̂m

= T ρ̂′m

(
Im ⊗ R̂−1

ǫ (0) ⊗ R̂−1
ǫ (0)

)
ρ̂m.

This test statistic was introduced by Chitturi (1974) in the framework of vector autore-
gressive models. Similarly to the univariate LB portmanteau test statistic, Hosking
(1980) defined the modified portmanteau statistic

Q̃m = T 2
m∑

h=1

(T − h)−1Tr
(
Γ̂′

ǫ(h)Γ̂
−1
ǫ (0)Γ̂ǫ(h)Γ̂

−1
ǫ (0)

)
,

which has better small sample properties when the error process is Gaussian. We derive
the asymptotic distribution of the portmanteau tests statistics in our framework using
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the results of the previous section. Under the assumption that (ǫt) is an iid white noise
Brüggemann et al (2006) found that the approximate distribution of the statistics Qm

and Q̃m is given by
Qm ≈ χ2(d2(m− p+ 1) − dr). (5.1)

Note that the distribution (5.1) depends on the cointegrating rank r. In the sequel the
versions of the portmanteau tests proposed by Brüggemann et al (2006) will be denoted
by BPS and LBS . The following proposition is a direct consequence of Proposition
4.1.

Proposition 5.1. Under assumptions A1 and A2, the statistics Qm and Q̃m converge

in distribution, as T → ∞, to

Um (δm) =

d2m∑

i=1

δiU
2
i (5.2)

where δm = (δ1, · · · , δd2m)′ is the vector of the eigenvalues of the matrix

Λm =
(
Im ⊗ Σ−1/2

ǫ ⊗ Σ−1/2
ǫ

)
Σγ̂m

(
Im ⊗ Σ−1/2

ǫ ⊗ Σ−1/2
ǫ

)

and the Ui’s are independent N (0, 1) variables.

This Proposition shows that the asymptotic distribution of Qm and Q̃m is a weighted
sum of chi-squares. Contrary to the approximation in (5.1), the asymptotic distribution
we obtain depends on the cointegrating relations since β0c appears in the expression
of the matrix Σγ̂m

in (4.4). However the distribution in (5.2) does not depend on the
choice of the normalization matrix. Note also that the distribution (5.2) is given for
fixed m, while the approximation (5.1) is obtained assuming that m→ ∞ as T → ∞.
In addition the tests we propose can be performed when d2(m − p + 1) − dr ≤ 0.
The following example shows that, for the asymptotic distribution of Qm and Q̃m, the
χ2(d2(m − p + 1) − dr) approximation is not valid in the framework of VECM with
dependent but uncorrelated errors.

Example 5.1. Consider the following bivariate VECM with p = 2 and r = 0 with
true parameter Γ01 = 0

∆Xt = Γ01∆Xt−1 + ǫt. (5.3)

In this case there is no cointegration and the process (Xt) is a random walk. We can
consider model (5.3) for instance to test linear Granger causality in mean relations
between the components of (∆Xt). In this case one has to check that the error process
is a white noise in a first step.

Suppose that the innovation process (ǫt) is an ARCH(1) model with constant cor-
relation proposed by Jeantheau (1998):

(
ǫ1t

ǫ2t

)
=

(
σ11t 0
0 σ22t

)(
η1t

η2t

)

where (
σ2

11t

σ2
22t

)
=

(
0.3
0.2

)
+

(
b11 0
b21 b22

)(
ǫ21t−1

ǫ22t−1

)
.

Assuming for simplicity that the variance of the Gaussian iid process (η1t, η2t)
′ is I2,

we obtain when m = 2:
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Non zero eigenvalues of
Λm

Distribution of Um (δm)

b11 = b21 = b22 = 0 (1,1,1,1) χ2
4

b11 = 0.4, b21 =
0.15, b22 = 0.25

(1.62, 1.52, 1.02, 1.51) 1.62χ2
1 + 1.52χ2

1 +
1.02χ2

1 + 1.51χ2
1

This table shows that the asymptotic distribution of the goodness-of-fit portmanteau
tests may be quite different for VECM with ARCH innovations and VECM with iid
the innovations.

The different matrices involved in the computation of δ̂m = (δ̂1, · · · , δ̂d2m)′ can
be estimated as follows. A consistent estimator Φ̂m of the matrix Φm is obtained
by replacing β0c, α0c, Σǫ and the Γ0i’s by their estimators in (4.1). We compute a
consistent estimator of Ξ defined in (4.2) using the following method. Let us define

Υ̂t = (û′t, v̂
′
t)

′ with ût = ŵt ⊗ ǫ̂t, ŵt = (ǫ̂′t−1, . . . , ǫ̂
′
t−m)′ and v̂t = Σξ(β̂c)

−1ξt−1(β̂c)⊗ ǫ̂t.
We also define Âq(z) = Imd2+rd+d2(p−1) −

∑q
i=1 Âq,iz

i, where Âq,1, · · · , Âq,q denote

the coefficients of the LS regression of Υ̂t on Υ̂t−1, · · · , Υ̂t−q. Let ǫ̃q,t be the residuals

of this regression and Σ̂ǫ̃q
= T−1

∑T
t=1 ǫ̃q,tǫ̃

′
q,t. Under other additional assumptions it

can be shown that

Ξ̂ := Â−1
q (1)Σ̂ǫ̃q

Â′−1
q (1)

P→ Ξ

when q = q(T ) → ∞ and q3/T → 0 as T → ∞. The order q can be chosen by
considering an information criterion. Using Ξ̂, Φ̂m and (4.4), one can compute a

consistent estimator Σ̂γ̂m
of the matrix Σγ̂m

. In addition from the consistency of θ̂ and

the ergodic theorem, it is clear that we have Σ̂ǫ := Γ̂ǫ(0) = Σǫ + op(1). Therefore we
define

Λ̂m =
(
Im ⊗ Σ̂−1/2

ǫ ⊗ Σ̂−1/2
ǫ

)
Σ̂γ̂m

(
Im ⊗ Σ̂−1/2

ǫ ⊗ Σ̂−1/2
ǫ

)
,

which is such that Λ̂m = Λm+op(1). The components of δ̂m are given by the eigenvalues

of Λ̂m.
At the asymptotic level υ, the LBW test (resp. the BPW test) consists in rejecting

the null hypothesis of uncorrelated errors when

P{Um(δ̂m) > Qm} < υ (resp. P{Um(δ̂m) > Q̃m} < υ), (5.4)

The p-values in (5.4) can be evaluated using the Imhof algorithm (Imhof (1961)) or the
saddlepoint approximation method (Kuonen (1999)). The reader is referred to Francq
and Raïssi (2007, Section 4) for more details on the implementation of the BPW and
LBW tests.

6. Lagrange multiplier test

Let us consider the following VAR model for the error process

ǫt =

m∑

i=1

ψ0iǫt−i + et,
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where (et) is a white noise. Then the regression model (2.1) can be written as follows

Z0t = θ0ξt−1(β0c) +

m∑

i=1

ψ0iǫt−i + et

= (ζ′t−1(β0c) ⊗ Id)ψ0 + et, (6.1)

with ζt−1(β) = (ξ′t−1(β), ǫ′t−1, . . . , ǫ
′
t−m)′, ψ0 = (vec (θ0)

′, ψ′∗
0 )′ and ψ∗

0 = vec (ψ01,
. . . , ψ0m). We define the matrix R = (0d2m×(dr+d2(p−1)), Id2m). Under the null
hypothesis Rψ0 = 0 and we have ǫt = et.

Let us define the constrained estimator ψ̂c = (vec (θ̂)′, 0, . . . , 0)′. The score vector

at the point (β̂c, ψ̂
c, Σ̂ǫ) is such that

R
∂ ln(L(β̂c, ψ̂

c, Σ̂ǫ))

∂ψ
= T (Idm ⊗ Σ̂−1

ǫ )γ̂m,

where ln(L(β, ψ,Σǫ)) is the log-likelihood function of the model (6.1). We introduce
the modified LM test statistic

QLMw
= T γ̂′m(Idm ⊗ Σ̂−2

ǫ )γ̂m.

The following proposition is a consequence of Proposition 4.1.

Proposition 6.1. Under assumptions A1 and A2, the statistic QLMw
converges in

distribution, as T → ∞, to

Ǔm (ιm) =

d2m∑

k=1

ιkU
2
k (6.2)

where ιm = (ι1, · · · , ιd2m) is the vector of the eigenvalues of the matrix

Λ̌m =
(
Idm ⊗ Σ−1

ǫ

)
Σγ̂m

(
Idm ⊗ Σ−1

ǫ

)

and the Uk’s are independent N (0, 1) variables.

Similarly to the portmanteau tests, we find that the asymptotic distribution of the
modified LM statistic is a weighted sum of chi-squares. However the weights in (6.2)
are different from those in (5.2) in general. Note that the asymptotic distribution of
the modified LM test depends on the cointegrating relations. At the asymptotic level
υ, the LMW test test rejects the null hypothesis when P{Um(ι̂m) > QLMw

} < υ. The
vector ι̂m is obtained by considering the matrix

Λ̃m =
(
Idm ⊗ Σ̂−1

ǫ

)
Σ̂γ̂m

(
Idm ⊗ Σ̂−1

ǫ

)
.

The modified LM test, denoted by LMW , can be implemented in a similar way to the
modified portmanteau tests.

Using the Breusch-Godfrey (Breusch (1978), Godfrey (1978)) approach we can
consider the auxiliary model

ǫ̂t = (ζ̂′t−1(β̂c) ⊗ Id)ψ̃0 + ẽt,
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with ζ̂t−1(β) = (ξ′t−1(β), ǫ̂′t−1, . . . , ǫ̂
′
t−m)′, ψ̃0 = (vec (θ0), ψ̃

∗
0) and ψ̃∗

0 = vec (ψ̃01, . . .

, ψ̃0m). Recall that the residuals are given by ǫ̂t = Z0t − θ̂ξt−1(β̂c). The generalized
least squares estimator of ψ̃0 is

ˆ̃
ψ = {T−1

T∑

t=1

ζ̂t−1(β̂c)ζ̂
′
t−1(β̂c) ⊗ Id}−1{T−1

T∑

t=1

(ζ̂t−1(β̂c) ⊗ Id)ǫ̂t}

= {T−1
T∑

t=1

ζ̂t−1(β̂c)ζ̂
′
t−1(β̂c) ⊗ Id}−1vec (T−1

T∑

t=1

ǫ̂tζ̂
′
t−1(β̂c)).

Since T−1
∑T

t=1 ǫ̂tξ̂
′
t−1(β̂c) = 0, we obtain

ˆ̃
ψ∗ = (RĴ−1R′)(Idm ⊗ Σ̂−1

ǫ )γ̂m.

Therefore in the standard case the following statistic is considered for the Breusch-
Godfrey test

QLMs
= T ˆ̃ψ′∗(RĴ−1R′)−1 ˆ̃ψ∗,

where

Ĵ =
∂ ln(L(β̂c, ψ̂

c, Σ̂ǫ))

∂ψ∂ψ′
= T−1

T∑

t=1

ζt−1(β̂c)ζ
′
t−1(β̂c) ⊗ Σ̂−1

ǫ

is a consistent estimator of J = E(ζt−1(β̂c)ζ
′
t−1(β̂c)) ⊗ Σ−1

ǫ . In the sequel when the

QLMs
statistic is considered it is assumed that J is non-singular, so that Ĵ is invertible

at least asymptotically. Under standard assumptions, Brüggemann et al (2006) showed
that

QLMs
⇒ χ2

d2m. (6.3)

The test proposed in Brüggemann et al (2006) will be denoted LMS. The asymptotic
distribution in (6.3) does not depend on the cointegrating relations while the statistic
QLMs

depends on the cointegrating relations. Note that the statistics QLMw
and

QLMs
depend on the number of residual autocorrelations m. Contrary to the modified

and standard portmanteau tests, the statistics of the modified and standard LM tests
are different. Note also that following the common approach we only use the first m
residual autocorrelations to test H0 in the different tests we consider in this paper.

7. Monte Carlo experiments

In this section we compare the small sample properties of the BPS , LBS, LMS tests
and the BPW , LBW , LMW tests with bivariate and 3-dimensional simulated processes.
We simulated n = 1000 independent trajectories of length T = 100, T = 400 and T =
1000 using parameters given in Table 1. Parameters (a) produce bivariate processes.
We obtain 3-dimensional processes using parameters (b). Parameters (a) are chosen
in the interior of the parameter space. Parameters (b) correspond to adjustment, long
run and short run parameters considered in the simulation experiments in Brüggemann
et al (2006). In practice the cointegrating rank is not known and can be tested using
the likelihood ratio test given in Johansen (1995). However since we focus on the
study of the short run relationships when the errors are dependent, our Monte Carlo
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experiments are carried out using the true cointegrating rank.

In this part we study the empirical size of the tests under comparison. We consider
the case of iid innovations and the case of dependent but uncorrelated innovations.
We first use for our study bivariate processes obtained using parameters (a) and test
the null hypothesis at the asymptotic nominal level 5%. The error process is normally
distributed with mean zero and variance matrix I2 in the iid case. To assess the finite
sample properties of the tests in presence of weak errors, we use the following ARCH
innovations with constant correlation presented in Example 5.1,

(
ǫ1t

ǫ2t

)
=

(
σ1t 0
0 σ2t

)(
η1t

η2t

)
(7.1)

where (
σ2

1t

σ2
2t

)
=

(
0.1
0.1

)
+

(
0.3 0.1
0.2 0.3

)(
ǫ21t−1

ǫ22t−1

)

and the iid process ηt = (η1t, η2t)
′

is such that ηt ∼ N (0, I2). In this case the process
(ǫt) is a martingale difference and presents conditional heteroscedasticity.

The results for processes generated using parameters (a) are presented in Table
2 when the innovations are iid, and in Table 3 when the error processes follow the
weak white noise (7.1). For n = 1000 replications and under the hypothesis that the
finite sample size of the tests is 5%, the relative rejection frequency should be between
the significant limits 3.65% and 6.35% with probability 0.95. Therefore the relative
rejection frequencies are displayed in bold type when they are outside the 5% significant
limits 3.65% and 6.35%.

In Table 2 the results of the standard tests are better than those of the modified
tests for samples of size T = 100. A possible explanation is that, on contrary to the
standard tests, the computation of the critical values for the modified tests requires
estimating parameters. Moreover a high dimension process is used for the estimation
of Ξ. However for larger samples the results are similar for the tests under comparison.
The empirical sizes decrease for large m.

For the weak white noise when T = 100, see Table 3, the same comments can
be made as in the iid case. For large samples the standard tests are clearly oversized.
From our simulation results the chi-square approximation of the standard portmanteau
tests does not seem more satisfactory when the innovations are not independent. In
general the results for the BPS , LBS and LMS tests can be explained by the fact that
dependent errors are not taken into account in the standard theoretical framework.
When the sample is large, the modified tests perform well.

In order to study the behaviour of the different tests when the dimension increases,
we consider parameters (b). The errors are iid normally distributed with variance
matrix I3. From Table 4 we can draw the conclusion that, in general, the modified
tests perform much better than the standard tests for small m. For a large number of
residual autocorrelations (m = 20), the modified tests seem to be more conservative
than the standard tests.
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In the empirical power part of this section, we study the ability of the different
tests to detect the serial correlation of the error terms. We consider bivariate processes
obtained using parameters (a) and test the null hypothesis at the asymptotic nominal
level 5%. In a first experiment we use the following correlated error process

ǫt = cos(0.5 arcsin(2ω1))ηt + sin(0.5 arcsin(2ω1))ηt−1.

It is easy to check that V ar(ǫt) = I2 and Corr(ǫt, ǫt−1) = ω1I2. The different tests are
performed for m = 3 and m = 10. We only simulated samples of length T = 100 and
T = 1000. The results for the LBW and LBS tests are displayed in Figures 10.1 and
10.2. The results for the BP tests, which are similar, are not displayed. The results
for the LMW and LMS tests are displayed in Figures 10.3 and 10.4. To study the case
where the errors are correlated at higher lag, we use the following errors

ǫkt = ηkt + ω2

5∑

i=1

ηkt−i, (7.2)

with k = 1, 2. In this case ǫt and ǫt−i are correlated for i ≤ 5 and independent for
i > 5 when ω2 6= 0. We only displayed the results for m = 10 and T = 1000 in Table
5. Several values of ω1 and ω2 are considered in our experiments.

From Figure 10.1 we note that for small samples and large m the LBS is more
powerful than the LBW . When m is small and the samples are small, the power of the
LBW and LBS are similar. From Figure 10.3 the same remarks can be made for the
LMS and LMW tests. This confirms that, in general, the standard tests have better
finite sample properties than the modified tests when the samples are small. However
we can remark from Figures 10.2 and 10.4 that the power of the different tests are
similar for large samples. According to the results of Table 5, we can draw the same
conclusion when the errors are correlated at higher lag. Therefore when the samples
are large, it appears that the standard tests have no power advantage on the modified
tests. As expected when we increase m, the power decreases noticeably for the different
tests.

Some final remarks on the number of residual autocorrelations have to be made.
When the samples are large, the rejection frequencies of the modified tests seem to be
closer to the asymptotic nominal level for m = 1, 5, 10 than the case where we take m =
20 in Tables 2 and 3. Therefore we recommend to choose a small number of residual
autocorrelations for the modified tests. Note also that the over rejections for small m of
the standard portmanteau tests when the errors are dependent in Table 3 are not due
to the choice of m. Indeed we can see from Table 2 that the standard portmanteau tests
well control the error of first kind when the innovations are independent for m = 5, 10.

8. Conclusion

In this work we considered VECM with uncorrelated but nonindependent inno-
vations. There exist numerous models in the literature which can be adjusted to
the error process and do not satisfy the iid assumption. Thus it is important to
consider innovations which are only uncorrelated. In this framework, we established
the asymptotic normality of the estimators of the short run and adjustment parameters.
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We also proposed a methodology to test the uncorrelatedness of dependent innovations
when the variables are cointegrated. The tests introduced in this paper are a little
more sophisticated than the standard tests. For this reason we do not recommend
to use these tests when the sample is small. However we found that the usual chi-
square approximation for the portmanteau tests is no more valid when the errors are
not independent. Similarly the Lagrange multiplier test based on standard arguments
seems not valid in presence of dependent errors for large samples. The tests we propose
are built taking into account the possible dependence of the errors. In addition from
the simulation results, the sample performances of the proposed tests are in general
better or similar to those of the standard tests for large samples. Finally it should
be noted that we often have no evidence on the independence of the innovations in
practice. Thus we can draw the conclusion that it seems preferable to use the modified
tests we propose when the samples are large.

9. Proofs

In order to prove Propositions 3.1 and 4.1, we have to state some intermediate
asymptotic results. First we will state the following Lemma in which we use the
mixing properties of the process (ǫt).

Lemma 1. Under A1 and A2 we have

sup
i,j

+∞∑

h=−∞

| Cov(ǫm1tǫm2t−i, ǫm′

1
t−hǫm′

2
t−j−h) |<∞,

where m1,m2,m
′
1,m

′
2 ∈ {1, . . . , d}.

Proof of Lemma 1. The result of Lemma 1 is a consequence of the Davydov inequality
(Davydov (1968)) and is proved in Raïssi (2009).

Now define the linear process Vt =
∑∞

i=0Diǫt−i, where D(z) =
∑∞

i=0Diz
i is

convergent for | z |≤ 1 + κ for some κ > 0.

Lemma 2. Under A1 and A2 we have

T− 1

2

T∑

t=1

vec (ǫtV
′
t−1) ⇒ N (0,Ω),

where Ω is of the form

Ω =

∞∑

h=−∞

E
{
Vt−1V

′
t−h−1 ⊗ ǫtǫ

′
t−h

}
.

Proof of Lemma 2. Lemma 2 is a consequence of the CLT of Herrndorf (1984) and
Lemma 1. This result is proved in Raïssi (2009).

Proof of Proposition 3.1. First note that from (3.4) we have T
1

2 vec {θ̂− θ̂(β0c)} =

oP (1). Then it suffices to show the asymptotic normality of T
1

2 vec{θ̂(β0c)− θ0}. From
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(3.1) and (3.2) we have

T
1

2 vec {(θ̂(β0c) − θ0)} = T− 1

2

T∑

t=1

vec {ǫtξ′t−1(β0c)Σ̂ξ(β0c)
−1}.

Using the Slutsky lemma we obtain

T
1

2 vec {(θ̂(β0c) − θ0)} = T− 1

2

T∑

t=1

vec {ǫtξ′t−1(β0c)Σξ(β0c)
−1} + oP (1). (9.1)

From (2.4) and (2.5) the vector Σξ(β0c)
−1ξt(β0c) can be written as

Σξ(β0c)
−1ξt(β0c) =

∞∑

i=0

ϑiǫt−i

where ϑ(z) =
∑∞

i=0 ϑiz
i is convergent for | z |≤ 1 + δ for some δ > 0. Then using

Lemma 2 the result (3.5) follows. �

Proof of Proposition 4.1 First let us define the white noise "empirical" autoco-
variances

Ch =
1

T

T∑

t=h+1

ǫtǫ
′
t−h and cm = vec {(C1, . . . , Cm)} .

We only show the asymptotic normality of T
1

2 (c′m, vec (θ̂− θ0)′)′. The rest of the proof
is similar to the proof of Theorem 1 of Francq and Raïssi (2007). Similarly to the
proof of Proposition 3.1 this amounts to show the asymptotic normality of the joint
distribution of cm and vec (θ̂(β0c) − θ0).

Using the relation vec (gb′) = b ⊗ g where g and b are vectors, we write cm =

T−1
∑T

t=1{wt ⊗ ǫt} and

vec {(θ̂(β0c) − θ0)} = T−1
T∑

t=1

vec {ǫtξ′t−1(β0c)Σ̂ξ(β0c)
−1}

= T−1
T∑

t=1

Σ̂ξ(β0c)
−1ξt−1(β0c) ⊗ ǫt.

Then from (9.1), we have

√
T

(
cm

vec {θ̂(β0c) − θ0}

)
=

1√
T

T∑

t=1

(
wt ⊗ ǫt

Σξ(β0c)
−1ξt−1(β0c) ⊗ ǫt

)
+ oP (1).

Using the relation g ⊗ b′ = gb′, it follows that

√
T

(
cm

vec {θ̂(β0c) − θ0}

)
=

1√
T

T∑

t=1

(yt−1 ⊗ ǫt) + oP (1)

=
1√
T

T∑

t=1

vec (ǫt ⊗ y′t−1) + oP (1)

=
1√
T

T∑

t=1

vec (ǫty
′
t−1) + oP (1),
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where yt−1 = {ǫ′t−1, . . . , ǫ
′
t−m, ξ

′
t−1(β0c)Σξ(β0c)

−1}′. Using again Lemma 2 and noting
that vec (ǫty

′
t−1) = Υt, where (Υt) is defined in (4.2), we obtain

√
T

(
cm

vec {θ̂(β0c) − θ0}

)
⇒ N (0,Ξ).

Considering Ch and Γ̂ǫ(h) as values of the same function at the points θ0 and θ̂(β0c)
(see Francq and Raïssi (2007)), it can be shown that

γ̂m = cm + Φm[vec {θ̂(β0c) − θ0}] + op(T
− 1

2 ),

and then we obtain (4.3). The result (4.5) can be easily obtained from (4.3). �

Appendix A: Models with deterministic parameters

In this part we consider VECMs which allow for a nonzero mean or a linear trend
for β′Xt. Let us consider the following VECM

∆xt = µo0 + µo1t+ α0β
′
0Xt−1 +

p0−1∑

i=1

Γ0i∆Xt−i + ǫt.

Using similar assumptions as in Section 2, it follows from Granger’s representation
theorem that

Xt = C

t∑

i=1

(ǫi + µo0 + µo1t) + C(L)(ǫt + µo0 + µo1t) +A

= C

t∑

i=1

ǫi + ρo1t+ ρo0 + Yt +A, (9.2)

The following restrictions are usually considered in the literature

Rl : µo1 = ατ0l

R̃l : µo1 = 0 (9.3)

R̃s : µo0 = ατ0s and µo1 = 0

Rs : µo0 = µo1 = 0.

Note the relation Rs ⊂ R̃s ⊂ R̃l ⊂ Rl. The restriction Rs correspond to the case
without deterministic terms studied in this paper. If we suppose that Rl hold, we may
have ρo1 6= 0 and ρo0 6= 0 and in this case (β′

0Xt) can be composed by a stationary
process plus a linear trend. We say in this case that (β′

0Xt) is trend stationary. If
R̃l hold, again we may have ρo1 6= 0 and ρo0 6= 0, but (β′

0Xt) is stationary. If R̃s

hold we obtain ρo1 = 0 but we still may have ρo0 6= 0, and in this case it is allowed
to have E(β′

0Xt) 6= 0. Finally the restriction Rs does not allow for any deterministic
component for (β′

0Xt) and (Xt). In these cases the number of independent linear
combinations β′

0Xt which are such that the random walk behaviour is vanished is the
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cointegrating rank. Note also that from (9.2) the process (∆Xt) is stationary in all
cases, so that (Xt) is I(1). We do not discuss the unrestricted case which produce
nonstationary processes with quadratic trend since it is rarely faced in practice.

We consider restrictions as in Section 2 to ensure identification. For restrictions Rl

and Rs the parameters τ0cl and τ0cs are estimated by reduced rank regression defining
β0l = (β′

0c, τ0cl) with Z l
1t = (X ′

t−1, t)
′ and β0s = (β′

0c, τ0cs) with Zs
1t = (X ′

t−1, 1)′. For

restriction Rl we define Zµ
2t = (∆X ′

t−1, . . . ,∆X
′
t−p+1, 1)′ and ξl

t−1 = ((β′
0lZ

l
1t)

′, Z ′µ
2t )

′.
The LS estimator of θµ

0 = (α0c,Γ01 . . .Γ0p−1, µ0) is obtained similarly as in (3.3). In

the case of R̃l we consider ξ̃l
t−1 = ((β′

0Xt−1)
′, Z ′µ

2t )
′. In the case of R̃s the estimator of

θ0 = (α0c,Γ01 . . .Γ0p−1) is obtained considering ξs
t−1 = ((β′

0sZ
s
1t)

′, Z ′
2t)

′ recalling that

Z2t = (∆X ′
t−1, . . . ,∆X

′
t−p+1)

′. In the sequel we denote these estimators by θ̂µ, θ̃µ and

θ̃ with obvious notations. Similarly to (3.2) we also define the unfeasible estimators
θ̃µ(β0l), θ̃

µ(β0c) and θ̃(β0s).
Considering similar arguments used in lemma 13.1 of Johansen (1995) for restriction

R̃l (see also Raïssi (2007, p 110) for restriction Rl) it can be shown that

θ̂µ = θ̃µ(β0l) + op(T
− 1

2 ), θ̃µ = θ̃µ(β0c) + op(T
− 1

2 ) and θ̃ = θ̃(β0s) + op(T
− 1

2 ).

Then for the different restrictions considered in (9.3) the method for building tests
based on the residual autocorrelations is completely similar to the case Rs. However
note that for restrictions Rl, R̃l and R̃s we obtain

Φl
m = −E{wt ⊗ ξl′

t−1 ⊗ Id},

Φ̃l
m = −E{wt ⊗ ξ̃l′

t−1 ⊗ Id},
and

Φ̃s
m = −E{wt ⊗ ξ̃s′

t−1 ⊗ Id}.
Using (9.2) we write

β′Xt = β′ρo1t+ β′ρo0 + β′Yt in the case ofRl,

β′Xt = β′ρo0 + β′Yt

in the case of R̃l and

β′Xt = β′ρo0 + β′Yt in the case of R̃s.

Let us define ξ̌ = (X ′
t−1,∆X

′
t−1, . . . ,∆X

′
t−p+1)

′. Since E(ǫt) = 0, the deterministic

terms vanishes in the expressions of Φl
m, Φ̃l

m and Φ̃s
m and we have

E{wt ⊗ ξl′

t−1} = E{wt ⊗ ξ̌′, 0md×1},
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E{wt ⊗ ξ̃l′

t−1} = E{wt ⊗ ξ̌′, 0md×1}
and

E{wt ⊗ ξ̃s′

t−1} = E{wt ⊗ ξ̌′}.
Note also that we can write in all cases

ξ̃t = Aξ̃t−1 + µ̃o0 + µ̃o1t+ ǫ̃t,

where ǫ̃t = (ǫ′t, ǫ
′
t, 0, . . . , 0)′, µ̃o0 = (µ′

o0, µ
′
o0, 0, . . . , 0)′ and µ̃o1 = (µ′

o1, µ
′
o1, 0, . . . , 0)′.

Therefore the expression of Φ̃s
m is the same to that of Φm. The expression of the dp

first columns of Φl
m and Φ̃l

m are the same to that of Φm. The last d columns of Φl
m

and Φ̃l
m are equal to zero.

Appendix B: Computation of the weights of the weighted sum of Chi

squares

Given d-multivariate observations X1, . . . , XT , one can use the following steps to
implement the tests introduced in this paper for testing the adequacy of the autore-
gressive order of a VECM.

1) Compute the estimates α̂c, β̂c, Γ̂1 . . . , Γ̂p−1 ;

2) Compute the residuals ǫ̂t = ∆Xt− α̂cβ̂
′
cXt−1−

∑p−1
i=1 Γ̂iXt−i, for t = p−1, . . . , T ,

and the residual autocovariances Γ̂ǫ(0) = Σ̂ǫ and Γ̂ǫ(h), for h = 1, . . . ,m;

3) Compute

Υ̂t =








ǫ̂t−1

...
ǫ̂t−m



⊗ ǫ̂t

Σ̂ξ(β̂c)
−1ξ′t−1(β̂c) ⊗ ǫ̂t




for t = m+ 1, . . . , T ;

4) Compute the first p0 + 1 autocovariances of Υ̂1, . . . , Υ̂T ;

5) Using the Durbin-Levinson algorithm, fit the AR(p0) model
(
I −

p0∑

i=1

ÂiB
i

)
Υ̂t = Ût;

6) Define the estimator

Ξ̂ =

(
I −

p0∑

i=1

Âi

)−1

Σ̂U

(
I −

p0∑

i=1

Âi

)′−1

, Σ̂U =
1

T

T∑

t=1

ÛtÛ
′
t;

7) Define the estimator

Σ̂γ̂m
= Σ̂cm

+ Φ̂mΣ̂θ̂n

Φ̂′
m + Σ̂cm,θ̂n

Φ̂′
m + Φ̂mΣ̂′

cm,θ̂n

,

where

Ξ̂ =

(
Σ̂cm

Σ̂cm,θ̂n

Σ̂′
cm,θ̂n

Σ̂θ̂n

)
, Φ̂m = −

m−1∑

i=0

{
1m×p(i+ 1, 1) ⊗ Σ̂ǫ

}(̂̃A
i
)′

⊗ Id;
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8) Compute the eigenvalues (δ̂1,d2m, · · · , δ̂d2m,d2m) of

Ω̂m =
(
Im ⊗ Σ̂−1/2

ǫ ⊗ Σ̂−1/2
ǫ

)
Σ̂γ̂m

(
Im ⊗ Σ̂−1/2

ǫ ⊗ Σ̂−1/2
ǫ

)
;
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10. Tables and Figures

Table 1: Parameters used in the Monte Carlo experiments.

(a) d = 2, p = 2, r = 1

α0c =

(
−0.3
0.4

)
β0c =

(
1
−1

)
Γ =

(
0.3 0.2
0.1 0.4

)

(b) d = 3, p = 2, r = 2

α0c =




0.2 0
−0.2 0.2

0 0



 β0c =




−1 −1
1 0
0 1



 Γ =




0.5 −0.2 −0.2
−0.2 0.5 −0.2
−0.2 −0.2 0.5





Table 2: Empirical size (in %) of the portmanteau and LM tests for the DGP (a) in the
strong case.

m = 1 m = 5
T = 100 T = 400 T = 1000 T = 100 T = 400 T = 1000

BPW 6.8 5.2 5.7 13.0 4.7 5.1
BPS n.a. n.a. n.a. 4.4 5.1 5.4
LBW 6.9 5.2 5.7 14.2 5.0 5.2
LBS n.a. n.a. n.a. 5.4 5.3 5.5
LMW 7.3 5.2 5.8 13.4 4.9 5.1
LMS 5.9 5.0 5.0 5.5 5.3 6.4

m = 10 m = 20
T = 100 T = 400 T = 1000 T = 100 T = 400 T = 1000

BPW 1.5 3.4 4.7 0.3 3.2 3.9
BPS 2.9 4.0 5.3 1.3 3.7 4.1
LBW 3.0 4.3 5.2 2.1 4.3 4.1
LBS 5.0 4.6 5.7 5.8 5.9 4.8
LMW 1.1 3.3 4.7 0.5 3.3 3.7
LMS 4.9 5.4 5.6 2.1 5.2 5.5

n.a.: not available.
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Table 3: The same as for Table 2 but for the weak case (7.1).

m = 1 m = 5
T = 100 T = 400 T = 1000 T = 100 T = 400 T = 1000

BPW 6.1 5.1 4.8 9.6 4.4 5.3
BPS n.a. n.a. n.a. 5.7 10.3 12.7

LBW 6.2 5.1 4.8 10.7 4.8 5.4
LBS n.a. n.a. n.a. 7.0 10.4 13.1

LMW 7.0 5.2 5.1 9.8 5.5 5.9
LMS 10.1 11.1 12.2 8.9 10.6 12.4

m = 10 m = 20
T = 100 T = 400 T = 1000 T = 100 T = 400 T = 1000

BPW 1.1 2.4 4.4 0.3 2.6 3.5

BPS 2.9 6.3 8.9 1.5 4.4 6.7

LBW 2.6 3.6 4.8 1.7 3.4 3.8
LBS 5.3 6.9 9.1 6.2 6.5 7.3

LMW 1.2 2.8 4.8 0.4 2.7 3.5

LMS 7.5 8.6 10.3 3.3 6.2 8.2

n.a.: not available.

Table 4: Empirical size (in %) of the portmanteau and LM tests for the DGP (b) in the
strong case.

m = 1 m = 5
T = 100 T = 400 T = 1000 T = 100 T = 400 T = 1000

BPW 16.1 4.8 6.2 5.1 4.1 4.5
BPS n.a. n.a. n.a. 11.1 11.9 11.5

LBW 16.8 4.8 6.2 6.4 4.8 4.8
LBS n.a. n.a. n.a. 14.7 12.8 11.7

LMW 16.8 5.3 6.5 6.0 4.6 4.7
LMS 14.7 6.8 6.4 13.7 12.4 10.9

m = 10 m = 20
T = 100 T = 400 T = 1000 T = 100 T = 400 T = 1000

BPW 2.1 2.3 4.4 0.1 0.9 1.6

BPS 3.7 5.0 5.7 1.0 2.8 3.1

LBW 3.9 3.4 4.7 3.1 1.7 2.2

LBS 8.2 5.9 6.2 6.5 4.7 4.7
LMW 2.4 2.4 3.9 0.1 0.7 1.9

LMS 10.0 8.5 9.8 3.2 6.1 6.0

n.a.: not available.
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Table 5: Empirical power (in %) of the portmanteau and LM tests for the DGP (a) with
errors given in (7.2), with T = 1000 and m = 10.

ω2 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.9
BPW 4.9 6.4 14.5 31.8 56.9 79.6 90.7 97.5 99.7
BPS 5.3 6.8 15.6 33.9 58.0 80.5 91.1 97.6 99.7
LBW 5.3 6.6 15.2 33.3 57.8 80.4 90.9 97.5 99.7
LBS 5.7 7.1 16.1 35.0 58.9 81.0 91.5 97.8 99.7
LMW 4.6 6.1 14.6 31.7 56.5 79.4 90.5 97.1 99.7
LMS 5.7 8.1 16.6 35.7 60.1 81.2 92.5 97.8 99.8
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Figure 10.1: Empirical power (in %) of the LBS test (dotted line) and LBW test (full line) for the

DGP (a) with T = 100. We take on the left m = 3 and on the right m = 10.
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Figure 10.2: The same as for the Figure 10.1 but for T = 1000.



24 Hamdi Raïssi

ω1 ω1
-0.4 -0.2 0.2 0.4

20

40

60

80

100

-0.4 -0.2 0.2 0.4

20

40

60

80

100

Figure 10.3: Empirical power (in %) of the LMS test (dotted line) and LMW test (full line) for the

DGP (a) with T = 100. We take on the left m = 3 and on the right m = 10.
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Figure 10.4: The same as for the Figure 10.3 but for T = 1000.


