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Abstract

In this paper we consider estimation and test of fit for multiple autoregressive
time series models with nonindependent innovations. We derive the asymptotic
distribution of the residual autocorrelations. It is shown that this asymptotic
distribution can be quite different for models with iid innovations and models in
which the innovations exhibit conditional heteroscedasticity or other forms of
dependence. Consequently, the usual chi-square distribution does not provide
adequate approximation to the distribution of the Box-Pierce goodness-of-fit
portmanteau test in the presence of nonindependent innovations. We then
propose a method to adjust the critical values of the portmanteau tests. Monte
Carlo experiments illustrate the finite sample performance of the modified
portmanteau test.

Keywords: Vector weak AR model, Goodness-of-fit test, Residual autocorrela-
tion, Diagnostic Checking, Box-Pierce and Ljung-Box portmanteau tests.

1. Introduction

In multivariate time series analysis, the Vectorial AutoRegressive (VAR) models are
much employed (see Liitkepohl (1993)). The VAR models postulate that the d-dimen-
sional vector X; of the observations at time ¢ can be represented as a linear combination
of p past values X;_1,...,X;_, plus an error €. A theoretical argument in favor of
the VAR models is that any stationary process can be approximated by a VAR(p)
model with sufficiently large p and uncorrelated errors. The reason of the success of
these models is however of practical nature, and is certainly due to the fact that it is
relatively easy to deal with a linear function of a finite number of past values.

It is however clear that the VAR models are not universal and that the choice of the
order p is crucial. Thus it is important to check the validity of a VAR(p) model, for
a given order p. In multivariate, the choice of p is particularly important because the
number of parameters, pd?, quickly increases with p, which entails statistical difficulties.
This paper is devoted to the so-called portmanteau tests considered by Chitturi (1974)
and Hosking (1980) for checking the overall significance of the residual autocorrelations
of a VAR(p) model (see also Ahn (1988), Hosking (1981a, 1981b), Li and McLeod
(1981)).
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For the statistical analysis of VAR models, the errors ¢; are generally supposed to be
independent (as in Liitkepohl (1993), Definition 3.1). This independence assumption
is restrictive because it precludes conditional heteroscedasticity and/or other forms
of nonlinearity (see Francq, Roy and Zakoian (2005) and Francq and Zakoian (2005)
for the statistical inference of univariate ARMA models with uncorrelated but nonin-
dependent errors, and see Dufour and Pelletier (2005) for weak VARMA modelling).
The main goal of the present paper is to study the behaviour of the above-mentioned
goodness-of-fit portmanteau tests when the ¢;’s are not independent. We will see that
the results obtained by the standard portmanteau tests can be quite misleading in this
framework. A modified version of these tests is proposed.

Briiggemann, Liitkepohl and Saikkonen (2004) is an important recent reference
dealing with portmanteau tests and other tests for residual autocorrelation in VAR
models with iid innovations when some variables are cointegrated. In this paper we
do not consider cointegrated variables, but the independence assumption of the ¢,’s is
relaxed.

The rest of the paper is organized as follows. Section 2 provides examples of AR
models with uncorrelated but nonindependent errors, presents several expressions for
the least squares (LS) estimator of the AR coeflicients, and gives conditions ensuring
the consistency and asymptotic normality of the LS estimator. Section 3 studies the
asymptotic behaviour of the AR residuals. We obtain the asymptotic distribution of
vectors of residual autocorrelations, under the assumption of the fitted AR(p) is an
adequate linear model with a well chosen order p. The results are applied in Section
4 to obtain the asymptotic distribution of the portmanteau tests and to modify the
critical values of these tests when they are applied to VAR models with nonindependent
errors. Section 5 is devoted to the practical implementation of the modified version of
the tests. Section 6 proposes numerical illustrations. The technical proofs are relegated
to the appendix.

The following notations will be used throughout. For a matrix A of generic term
A(i,j) we use the norm ||A| = > |A(4,7)|- The spectral radius of a square matrix A
is denoted by p(A), its trace is denoted by Tr. We denote by A ® B the Kronecker
product of two matrices A and B, vec A denotes the vector obtained by stacking the
columns of A, and A®? stands for A® A (see e.g. Harville (1997) for more details about
these matrix operators). The symbol = denotes the convergence in distribution.

2. LS estimator of weak VAR models

Consider the vectorial AR(p) model

p
Xp=Y ApXiite forall t € Z = {0,+1,+2,...} (2.1)
i=1

where the €;’s are d-dimensional error terms, the X;’s are d-dimensional vectors, and
the Agp;’s are d x d matrices. It is customary to say that (X;) is a strong AR(p) model
if (e;) is a strong white noise, that is, if it satisfies

The authors are grateful to the Professor Liitkepohl whose questions he asked during the Madrid
EEA-ESEM 2004 congress motivated the present paper.
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Al: (e:) is a sequence of independent and identically distributed (iid) random
vectors, Fe; = 0 and Var (¢;) = X..

We say that (2.1) is a weak AR(p) model if (¢;) is a weak white noise, that is, if it
satisfies

Al’: Ee; =0, Var (e;) = X, and Cov (e, e;—p) =0 for all t € Z and all h # 0.

Assumption A1l is clearly stronger than A1’. The class of strong AR models is
often considered too restrictive by practitioners. Indeed Assumption A1l amounts to
assume that the best predictor of X; is a linear combination of its p past values. If
p is chosen large enough, it is reasonable to consider that the best predictor of X, is
well approximated by a function of X;_1,..., X;_,, but it is questionable to assume a
linear form for this function. It is well known that numerous non linear processes admit
weak linear representations (see Example 2.1 below). Weak linear representations are
also obtained from transformations of strong linear processes (see Example 2.2 below).
In Examples 2.1-2.3 below, Assumption A1’ holds but A1l is not satisfied. Other
examples of univariate weak linear models can be found in Francq, Roy and Zakoian
(2005), and references therein.

For the statistical analysis of multivariate AR time series models, it is therefore
of interest to replace the standard strong white noise assumption A1 by the more
flexible weak white noise assumption A1’. In this paper we focus on the estimation
and validation stages of the statistical analysis of these weak multivariate AR models.

2.1. Examples of weak VAR models

The examples given in this section are mainly chosen for their simplicity. The first
one is a weak white noise inspired by examples given by Romano and Thombs (1996)
in the univariate case. The second is simply the causal representation of a non causal
AR(1) process. This example shows that A1l must by replaced by A1’ when one
wants to make, without loss of generality, the usual assumption that the roots of the
AR polynomial are outside the unit circle. The third belongs to the class of GARCH
models.

Example 2.1. In the univariate case, Romano and Thombs (1996) built weak white
noises (&) by setting e; = men:—1 -+ - Mt—r where (1) is a strong white noise and k >
1. This approach can be extended to the d-multivariate framework by setting €, =
B(n) - - - B(Ny—k+1)Ne—k, where {n, = (N1 ¢,...,n4a¢)'}, is a d-dimensional strong white
noise, and B(n;) = {Bi;(m)} is a d x d random matrix whose elements are linear
combinations of the components of 7;. It is obvious to check that €; is a white noise,
but in general this noise is not a strong one. Indeed, assuming for simplicity that k = 1
and Bi1(n:) = m+ and By;(n;) = 0 for all j > 1, we have

2
Cov (G%tv € t—l) = {EW%t} Var {W%t} # 0,
which shows that the ¢;’s are not independent.

Example 2.2. (Non causal AR(1)) Let the AR(1) model

Xy =AX; 1 +¢, ¢ idand E(e) =0, FE(ege,) =23,
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where A is an invertible matrix whose all the eigenvalues A\;,1 < ¢ < d, are greater
than one in modulus. This equation has a stationary and anticipative solution of the
form X; = — ) ;2 A "¢ 4;. The autocovariance function of (X;) is then given by

Px(h)=A"Y A7'S. A7, h>0.
i=1

Let ¢ = Xy — A7'X; 1. We have E(e}) = 0, Var(e}) = I'x(0) + Tx(1)(A71) +
AT x (1) + A7 'Tx (1)(A™Y), and Cov(e},ef_;,) = 0 for h # 0. Thus X; admits the
causal AR(1) representation X; = A7'X;_; + ¢;. However, in general, €} is not a
martingale difference. To see this, assume for simplicity that the matrix A is such
that |ai11| > 1 and a1; = aj1 =0, Vj € {2,---,d}. We then have EX}, | = (1 —
o)) Bty EX1XT oy = a’(1-a) T B, and E(ef X7,1) = EX1: X7 —
a;EX3, | # 0 when FEe}, # 0. In this case ¢ is not a martingale difference because
E(e;,X?,_1) = E{X?,_1E (¢} le;_1,...)} # 0. Thus the white noise €; is not strong.

Example 2.3. In the univariate case, the GARCH models constitute important exam-
ples of weak white noises. These models have numerous extensions to the multivariate
framework. The simplest of these extensions is certainly the multivariate GARCH
model with constant correlation proposed by Jeantheau (1998). In this model the
process (e;) verifies the following relation e; = Ayn; where ny = (14,...,74¢)" is an iid
centered process with Var(n;:) = 1, and A; is a diagonal matrix whose elements o;; ¢
verify

2 2 2
O11¢ €1 q €1¢—i P O11¢—j
= + E :Ai : + E :B] :
2 i=1 2 j=1 2
Oddt Cd €dt—i Odd t—j

The elements of the matrices A; and Bj, as well as the ¢;’s, are supposed to be positive.
In addition suppose that the stationarity conditions hold (see Jeantheau (1998) for
more details). The stationary solution of this GARCH equation satisfies A1, but
does not satisfy A1 in general. Consider for instance the ARCH(1) case with A; such
that a1; # 0 and aja = --- = a1, = 0. Then it is easy to see that Cov(e?,, e?, ;) =
Cov {(c1 + a11€d,_1)nis €81} = annVarel , # 0, which shows that the iid assumption
A1 is not satisfied.

2.2. Derivation of the LS estimator

It is well known that (X;) can be written as a MA(oo) of the form

Xy = Z‘/’mét—z‘, Yoo = Iu, Z [[thoill < oo, (2:2)

i=0 i=0
under the assumption
A2: det Ag(z) # 0 for all |z| < 1, where Ag(z) = Iy — >4, Agiz".

Denote by 6y = vec (Ap1---Aop) the vector of the unknown AR parameters. For
any 0 € RTP let Ay = A1(6),...,Ap = A,(0) be d x d matrices such that § =
vec (A1, ..., A,). With this notation (2.1) can be rewritten as

X ={(Xi_1, . X|_)) @ L} 6o + & (2.3)
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using the elementary relation vec (ABC) = (C' ® A)vec B for matrices of appropriate
dimensions.

One of the most popular estimation procedure is that of the least squares (LS)
estimator. For linear processes of the form (2.1), the LS estimator of 6 coincides
with the gaussian quasi-maximum likelihood (QML) estimator. Given the observations
X1,...,X,, the LS/QML estimators of § and ¥, are defined by

(On,20) = arg min {nlog (det ) + 262(9)2;1615(9)}

t=1
where
p
Gt(e) = Xt - Z AiXt—i-
i=1
To give an explicit expression for these estimators, the d-dimensional AR(p) model
(2.1) can be rewritten as the dp-dimensional AR(1) model

X, = AgX; 1 + &, (2.4)
where
Aor -+ Aop—1 Aoy Xy €
~ Iq 0 - Xi 1 0
AO = 3 Xt - . 3 giE -
0 I, 0 Xi_pi1 0

T n

Note that A2 is equivalent to p (AO) < 1. Let 25(“5(“}2’ =15, X’tX';_h and write
XA]XFI instead of iXt,l,Xt,l- Note that XA]XFI is a consistent estimator of X g =
EX, X/, which is given by
- \1 by 0
vec (S¢ :(I s A ®A) vec (Zz,), zgt_< ¢ d(p=1) >
() = e = Ao Ay =2 Outp-1)  Oa(p—1)xd(p-1)

It is easy to see that the LS estimators of the AR parameters of models (2.1) and
(2.4) are given by

A A,y A,

provided 3 %,_, 1s non singular, and that the LS estimators of the variances of the
noises (€;) and (e;) are given by

S 5 0’ . . L
Ye= ‘ d(p—1) =Y — 2% 222 X% %, 2.6
< Oap-1)  Oa(p—1)xd(p-1) ) Feo TR A T T 20)

with the convention that X; = 0 when ¢t < 0 or £ > n.
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2.3. Asymptotic behavior of the LS estimator

To establish the strong consistency of the estimators defined in (2.5) and (2.6), we
need the following assumptions.

A3: Matrix ¥, is positive definite.

A4: The sequence (e;) is strictly stationary and ergodic.

Note that A4 is entailed by A1, but not by A1’. A straightforward consequence of
the ergodic theorem is stated in the following proposition.

Proposition 2.1. Under assumptions A1-A2-A3 or A1’-A2-A3-A4, the matriz 25&
1s almost surely non singular, and almost surely

BN

—>/~10, ig—>2g and én—>90

as n — oQ.

To obtain the asymptotic normality of the LS estimator of 8, additional assumptions are
needed when (¢;) is not iid. In the univariate case, Francq and Zakoian (1998) showed
the asymptotic normality under mixing assumptions. We will extend this result to
VAR models. The mixing coefficients of a stationary process X = (X;) are denoted by

ax(h) = sup IP(AN B) — P(A)P(B)|.
A€o(X,,u<t),B€o (X, ,u>t+h)

The reader is referred to Davidson (1994) for details about mixing assumptions. Let
1X-= (E||X||T)1/T, where || X || denotes the Euclidean norm.

A5:  The process X = (X)is such that 357 o {ax (h)}/ ™) < oo and || X¢|,y0,
< oo for some v > 0.

The asymptotic distribution of the LS estimator is given in the following proposition.

Proposition 2.2. Under assumptions A1-A3 or under A1’ and A2-AS5,

Jnvee (21 - AO) = N(0,9), (2.7)
where
Q = Y & {2;&,1)@%,12; ® eteg,h} . (2.8)
h=—o00
Moreover
NG (9n - 90) =N (0, zén) , (2.9)
where
% = S E {2§:Xt,1Xg_h_lz§j ® ete;_h} . (2.10)

h=—o0
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Note that under A1, we have
_ —1 _
Q = Ef(t ® e, .
and
%, = Tz ©Z. (2.11)
This standard result can be found in Johansen (1995, Theorem 2.3 p. 19).

Example 2.4. The following example illustrates the difference between the asymp-
totic variance (2.10) in the weak case and the asymptotic variance (2.11) of the strong
AR case. Consider a bivariate AR(1) model X; = AX;_1 + ¢, with true AR(1)
parameter Ag =0 and ¢, = B(n:) ... B(nt—k+1)nt—k of the form given in Example 2.1.
We have X; = X, = ¢,. For simplicity assume that B(n:) = Diag (n1¢,m2¢) and that
7 is gaussian with Var(n;,) = Var(ne,) = 1 and Cov(n¢,m2¢) = p € (—1,1). Thus,
using En3 e = 3p and En?,n3, = 1+ 2p?, we find that Var(e;,) = Var(e2;) = 1,
Cov(ey ¢, €2¢) = pFtL, and, using (2.10),

E{S'e—16,_13." @ erer}
= (B ob)E{laa®ea)(aa0ea)} (3 0h),

X5,

. 1 pk—i-l ,
with ¥, = S and E {(e—1 ® &) (e,-1 @ €)'} equal to

3k p(3p)* p(3p)F PP +2p7)F
p(3p)* (L+2p%)"  pP(1+207)  p(3p)*
p(3p)t  pP(L+207)F (1+2p°)F p(3p)*
pP(L+2p2)"  p(3p)F p(3p)* 3

When & =1 the matrix ¥; is equal to

1
Ywim————— X
(P> +1)(1—p*)
—2p* +3p> +3 p*(p° +3) —3p* — p? p?(—2p* —3p% +1)
P2(p* +3) , P+l P*(=2p" =3p% +1) —P2(3p% + 1)
, P g3p +21) P (=2p Tt 1) 37t P4(P +23)
p=(=2p" —=3p" + 1) —3p" —p P (p” +3) —2p" +3p” +3

By comparison, for the strong AR(1) with an iid noise with variance

_( 1 s
Ee_(fﬂ 1>’

the asymptotic variance ¥; is given by

= 1 P> 1 =pt =p?
S 1— p4 _p2 _p4 1 p2
ot g 2 1

Figure 2.1 displays the ratio Xy (1,1)/Xg(1,1) as function of p. It is clear from this
example that the asymptotic variance of the LS estimator may be quite different when
the noise is weak and when it is strong.
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w(1,1)/8s(1,1)

3

0.2 0.4 0.6 0.8 1

FIGURE 2.1: Asymptotic variance of the first component of LS estimator of the weak AR(1) model
given in Example 2.4 divided by the analog asymptotic variance in the strong AR(1) case.

and

3. Asymptotic distribution of residual empirical autocorrelations

Let €, = €(0,) be the LS residuals. We consider the white noise "empirical"
autocovariances and residual autocovariances

n

1 . 1
C — / = — & ¢! < . .
h= g €€i_pny 5 Le(h) - g €&é_p, 0<h<n (3.1)
t=h+1 t=h+1

n

It should be noted that C} is not a computable statistic because it depends on the
unobserved innovations e; = €;(6y). We will consider vectors of these autocovariances.
For a fixed integer m, let

!’

Am = ({Vec f‘e(l)}/ Yoy {Vec f‘e(m)}/> and ¢, = ({vecC1}', ..., {vec Cm}')/ .

Let the diagonal matrices

S. = Diag{oc(1),...,0(d)} and S.=Diag{6.(1),...,6.(d)},

where 02 (i) is the variance of the i-th coordinate of ¢; and 62 (i) is its sample estimate,

i.e. 0c(i) = \/Fe?, and 6.(i) = \/n=1>.;  é?,. The theoretical and sample auto-
correlations at lag h are respectively defined by R.(h) = S 'Tc(h)S- ! and R.(h) =
ST (h)S7Y, with T (h) := Eese,_, = 0 for all h # 0. Consider the vector of the first
m sample autocorrelations

= ({rec ) oo free Rom) )
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Define
€t—1 00 €t—1 ,
&, = -E : ®X, @ly=-)Y E : & (;y‘) @Iy
€t—m =0 €t—m
m—1 '
= =Y {Lux(i+1,1)©5,) (211') ® I,
=0

where 1,,x,(4,j) denotes the m X p matrix with 1 as ij-th element and 0 elsewhere.
Define also the matrix

—_ 2Cm 2c ) = u
= — ( o 25;)‘% ) = Z EYY,_,, where Y;= ( vt ); (3.2)

Cm,0n " h=—00 t

withus = (€}_q,...,€6_,,) ®e and vy = E)f(lf(t_lébet. The following theorem gives the
t
limiting distribution of the residual empirical autocovariances and autocorrelations.

Theorem 3.1. Under assumptions A1-A3 or A1’-A5,

Vitn = N(0,55,)  where N5, =Y, +®,%; ¥, +5, ; O, +8,% , (3.3)

O
and
Vnpm = N(0,%,,) where X; = {Im ® (S ® SE)_l} i {Im ® (Se ® SE)_l} )
(3.4)
Remark 3.1. In the strong AR case, we have ¥, = Buu} = I, @ 29?% ®,%y @7, =
o, {*7' ® 3, | @), and

€t—1
emibn = Buvy= ZE g;_i_l(jli)’z)—_(: ® €€y
i>0 €t
m—1 .
= {1m><10(7’ + 17 1) ® Eﬁt} (Al)/E;”(i ® Eft
1=0
m—1 _
= Y [(twoli+1)es @A) e L (37 %)
i=0 '
= —@mEén.

Thus X5, =%, — @y @/ . Using straightforward computations, we have

/
€t—1 €t—1

DI - ) : X!, SLE : X | %,
€t—m €t—m

which is the result obtained by Briiggemann, Liitkepohl and Saikkonen (2004).
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Remark 3.2. Francq, Roy and Zakoian (2005) considered the univariate case d = 1.
In their paper

—+oo +oo
Se, = Y E(wuj )= > {E(es€r—ierner—i—n)}i<ivem
h=—o00 h=—o0

is denoted by Iy, = {I'(4,7)},; /<, They also introduce the vectors A\; =
—(Y0i=1,- -, %0i—p)’, with the convention t¢; = 0 for ¢ < 0, and the p x m matrices
A = (M1,..., Am). Noting that X; = — > 7, €41-:\;, we have

+o0o °
-1 - -1 -1 -1
S, = Y Bluwi,) = B3 Y ATGNDE = S A e ALY
h=—c0 ii'=1
where the matrix X ¢ is such that
o0
Yg, = o2 Z/\i/\/i = 02NN
i=1
and o2 is the variance of the univariate process (¢;). We also have
m €t—1
o, =Y E : €N, = 02N,
i=1 €
Similarly we obtain
w [ T(L)
. - - -1
Ecm,én = Z : ;’EXi = —0¢ 21—‘m,ooAZ)o (AOOAZ)O)
=1\ T(m,i)
in the univariate case.
Using these notations, Theorem 3.1 gives in the case d = 1
Sp = 00 0 = 00 T + Ay (Aeeh) ™ AocTos oA (Aoohl) ™ A

— TonooNo (AsoAL) Ay — A (AsoAL) ! Aooroo,m} ,

which is the result given in Francq, Roy and Zakoian (2005, Theorem 3.2).
Example 3.1. For the weak AR(1) models considered in Example 2.4, we have

1 0 karl 0
B B 0 1 0 pkt! B o,
b=l = Pt 0 1 0 » = Oumxa )~
0 pk—i-l 0 1
Matrix 3., is the variance of the noise u;, = (€}_1,...,€,_,) ® €. Thus ., is

a block-diagonal matrix of the form . = Diag{X. (1,1),...,%., (m,m)}, with

? Cm,
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diagonal elements X, (i,i) equal to

‘ 3k—i+1. pi(gp)k—ifl lpi(?)p)k:—i-l-l‘ p2i(]j 4 2p2)lk—i+l
p%(gp)k—zl+1 (1 + 2p2)k_l+.l p2z(1 4 2p2)kfl+l pzl(gp)k:—zl-l-l
.pz(gp)k—z-l-l. 921(1_ 4 2p2).k—1+1 (1 + 2[)2)k__l+1 pz(gp)l.c—z-l-l

p21(1 + 2p2)k71+1 pz(gp)kfﬂrl pz(gp)kfﬂrl 3k71+1

fori =1,....k and %, (i,i) = $%? for i > k+ 1. Since v, = (S 'ei—1) ® & =
{el,(1) ® B! ® I } ug, we obtain

¥os ={e, ()X L}, (3.5)
and
% ={en(D) @3 @ h} N, {en1) S @ I} (3.6)

Finally, using (3.5), (3.6), ®,, = — {emn(1) ® X ® Iz} and Se = Iz, we obtain

Yo = Dhp =B P Xy O A2, 5 B+ P2
= Ecm +{1m><m(171)®l4}zcm {1m><m(171)®14}
_Ecm {1m><m(1v 1) ® 14} - {lme(lv 1) ® 14} Zcm

= Diag{04x4,2¢,,(2,2),..., %, (m,m)}. (3.7)

1 pk+1
By comparison, for the strong AR(1) with the same variance ¥, = ( 1 1 )
we obtain X = I, ® £¥?  and because the derivations made in (3.7) remain valid

in the strong case, ¥, = Diag {0,59?,... 82}, It is interesting to note that when
k =1 the asymptotic variance ¥, , is the same in the strong and weak cases, thought
the asymptotic variance E@n is different.

4. Portmanteau test

Box and Pierce (1970) (BP hereafter) derived a goodness-of-fit test, the portmanteau
test, for univariate strong ARMA models. Ljung and Box (1978) (LB hereafter)
proposed a modified portmanteau test which is nowadays one of the most popular
diagnostic checking tool in ARMA modelling of time series. The multivariate version
of the BP portmanteau statistic was introduced by Chitturi (1974). Hosking (1981a)
gave several equivalent forms of this statistic. Basic forms are

Qm = nY T (CUMET O)L (0D (0))
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Similarly to the univariate LB portmanteau statistic, Hosking (1980) defined the
modified portmanteau statistic

Qn = n*Y (n—h)"'Tx (f;(h)fgl(O)fE(h)fgl(O)).
h=1

Under the assumption that the data generating process (DGP) follows a strong AR/(p)
model, the asymptotic distribution of the statistics @,, and @, is well approximated
by the X32(mfp) distribution (m > p). When the innovations are gaussian, Hosking

(1980) found that the finite-sample distribution of @, is more nearly x2, (m—p) than
that of Q..

From Theorem 3.1 we can deduce the following result, which gives the limiting
distribution of the standard portmanteau statistics under general assumptions on the
innovation process of the fitted AR(p) model.

Theorem 4.1. Under assumptions A1-A3 or A1’-A5, the statistics Qm and Qm
converge in distribution, as n — oo, to

d*>m
T (bm) = Y &ia2m 2]
i=1
where &y = (&1,42ms > &a2m,d2m) 5 the vector of the eigenvalues of the matriz
Q,, = (Im oy 2 2;1/2) s (Im Ry/2g 2;1/2)

and the Z;’s are independent N(0,1) variables.

The following examples show that, for the asymptotic distribution of @Q,, and Qm,
the ng(mfp) approximation is no longer valid in the framework of weak AR(p) models.

Example 4.1. In the case of a strong AR(1) model with Ay = 0, it is easy to see
that the eigenvalues of €2,, are 0 with algebraic multiplicity d? and 1 with multiplicity
d*(m — 1). Thus the asymptotic distribution of Q,, is exactly a X§2(m—1) for this
strong AR(1) model. When Ay # 0, the XEQ(mfl) law is only an approximation of the
asymptotic distribution.

For the weak AR(1) model counsidered in Example 2.4-3.1, with ¥, = I, which
corresponds to p = 0, we have Q,, = Diag{0ix4,2c,,(2,2),..., 2., (m,m)}, with
X, (i,i) = Diag (35771 1,1,3" 1) for i = 2,...,k and %, (4,i) = 14 for i > k+ 1.

Thus in the case k > m > 1 the asymptotic distribution of @Q),, is that of
1 - 1/2
i=2
where the T'(b, p)’s denote independent gamma distributions with parameters b and p,

i.e. with density probability @ — b7 ([, exp (—y) yp’ldy)71 exp (—ba) 2P g o0y (),
b, p > 0. In the case 1 < k < m, the asymptotic distribution in that of

I‘(%,Qm—k—l)—i—il"(%,l). (4.2)

=2
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As illustrated in Figure 4.1, it is clear that the distributions of (4.1) and (4.2) obtained
in the weak case may be quite different from the Xiz(m—l) obtained in the strong case.

0.175:
0. 15';"
0. 125{;’
0. 1
0. 075j
0. 05/
0. 025!

10 20 30 40 50
FI1GURE 4.1: Comparison of the asymptotic distribution of the portmanteau statistic Qm, in the weak

AR case (full line) and in standard strong AR case (dotted line). The AR models are the bivariate

AR(1) models defined in Example 4.1, with ¥ = 3 and m = 2 (thus the dotted line corresponds to the
2
X1)-

Example 4.2. Consider a bivariate AR(1) model X; = AX; 1 + ¢, with A = 0.

Assume that the innovation process (¢;) is an ARCH(1) model with constant correlation
described in Example 2.3:

€re \_( one O M.t

€2, 0 o224 N2t
oty N _ (@ L b O €l 411
T34 C2 ba1  ba2 i1 )

Suppose for simplicity that (11,¢,72¢) is gaussian with variance I5. We obtain when
m=2,c; =0.3,and co = 0.2

where

non zero eigenvalues of | Distribution of Z,, (&)
Lpm
bii = ba1 = by =0 [ (1,1,1,1) Xi
b1 = 0.45, by; = | (2.03, 2.44, 1.16, 1.52) 2.03x3+2.44x3+1.16x3 +
0.4, byy = 0.25 1.52x3

This table shows that the asymptotic distribution of the goodness-of-fit portmanteau

tests may be quite different for AR models with GARCH innovations and strong AR
models.

It is seen in Theorem 4.1 that the asymptotic distribution of the BP and LB
portmanteau tests depends of nuisance parameters involving X, and the elements of
E. The matrix ¥, can be consistently estimated by its sample estimate ¥, = I'c(0). To
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obtain a consistent estimator of = we will use an autoregressive spectral estimator, as
in Francq, Roy and Zakotan (2004). In view of (3.2), the matrix = can be interpreted as
27 times the spectral density of T; evaluated at the frequency zero (see e.g. Brockwell
and Davis, 1991, p.459). So we have

E=A11)8, A1),

when T, admits the AR(co) representation

A(B)Tt = Tt - ZAithi = U¢ (43)

i=1

where (u;) is a white noise of variance ¥,. Since T, is not observable, we have to
consider the vectors Tt obtained by replacing €; by € €t in Tt, with the convention ¢, = 0
when t < 0ort>n. Let A, (2) = Laz( (m-+p) Zl 1Amz where AH,-- AM denote
the coefficients of the LS regressmn of Tt on Tt 1,- ,Tt_T. Let i, be the residuals
of this regression, and let EuT be the empirical variance of 4, 1,..., %4, ,. We need the
following assumption.

AT: The innovation process (¢;) of the VAR(p) model (2.1) is such that the
process (Y;) defined in (3.2) admits an AR(co) representation (4.3) in which
the roots of det(A(z)) = 0 are outside the unit disk, [|A;|| = o(i72), and
¥, = Var(u) is non-singular. Moreover we assume that [le/g,,, < oo and

Soreofae(k) /) < oo for some v > 0.

We are now able to state the following theorem, which is an extension of a result given
in Francq, Roy and Zakoian (2004).

Theorem 4.2. Under Assumptions A1-AT7,

2= AT 1)2, A1) — 2
in probability when v = r(n) — oo and r3/n — 0 as n — oco.

_ Let (:Zm be the matrix obtained by replacing = by 2 and 2, by S in Q. Denote by
Em = (&1,2m> "+ > Ea2m,d2m) the eigenvalues of €),,. At the asymptotic level o, the LB
test (resp. the BP test) consists in rejecting the adequacy of the weak AR(p) model
when

Qm > Sm(l—a) (resp. Qm > Sm(1—a))
where S, (1 — «) is such that P{Zn (&) > Spm(l — @)} = a.

5. Implementation of the goodness-of-fit portmanteau tests

Given d-multivariate observations Xi, ..., X,, one can use the following steps to
implement the modified version of the portmanteau test for testing the AR(p) model
adequacy.

1) Compute the empirical autocovariances f‘X(h), forh=0,...,p;

2) Compute the estimates A;,..., A, using (2.5) or using the Durbin-Levinson
algorithm;
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3) Compute the residuals é, = X; — Zle AiXt_iH{t,Do}, fort=1,...,n, and the
residual autocovariances I'c(0) = ¢ and Dc(h), for h=1,...,m;
4) Compute
€1—1
-~ : ®E
T = R ! Igp—msoy fort=1,...,n;
A
5% X ®é
, Tn§

5) Compute the first po + 1 autocovariances of Yl,
6) Using the Durbin-Levinson algorithm, fit the AR(pg) model

(

Po
- Z&gi) %, = 0
i=1
7) Define the estimator
. PoA_lA PoA/_l R 1nAA
E= (I—ZA) Sy I—ZAi> R
i=1 i=1 t=1
8) Define the estimator
S = B, + O3y O+ 5, 5 &+ O
where
S S, . omd 1 (EY
2= < & " g;e ) , Dy =— Z {1mxp(z'+ 1,1) ®E€} (A) @ Ig;
Cm,0n n i=0
= (él,d2m7 e 7éd2m,d2m) of

9) Compute the eigenvalues ém
O, = (Im RE-12g 25_1/2) s, (Im 712 25_1/2) :

d?>m

10) Compute the portmanteau statistics @, and Qm, and evaluate the p-values
and P Z éi,dszi2 > Qm

d*>m

i=1

P> &emZl > Qm
i=1
using the Imhof algorithm (1961). The BP test (resp. the LB test) rejects the
null hypothesis of a weak AR(p) model when the first (resp. the second) p-value
is less than the asymptotic level a.
An alternative to the Imhof algorithm consists in approximating the distribution of
Zm(&m) by a gamma distribution I'(b, p) with parameter
~ d*>m 2
ZdjT & d2m (Zi:l fi,d2m)
b= = :2 and p= pErm .
221':1 i,d2m 2Zi:1 i,d?m
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6. Numerical illustrations

In this section, by means of Monte Carlo experiments, we investigate the finite
sample properties of the modified and standard versions of the portmanteau tests. We
only present the results of the LB test. The results concerning the BP test are not
presented here, because they are very close to those of the LB test.

6.1. Empirical size
First consider the strong bivariate AR(1) model defined by

X, =AX, 1 +e, eiidN(0,L), A=0.95I. (6.1)

We simulated N = 1000 independent trajectories of length n = 100 and n = 1000 of this
strong AR(1) model. For each of these N replications we estimated the AR(1) matrix
coefficient and we applied portmanteau tests to the residuals. The nominal asymptotic
level of the tests is « = 5%. For the standard LB test the model is therefore rejected
when Q,, is greater than Xi(mfl)(o.%). We know that the asymptotic level of the
standard LB test is indeed o = 5% when A = 0, but this is only an approximation in
the case A # 0. For the model (6.1), the roots of | — Az| = 0 are near the unit disk, so
the asymptotic distribution of Q,, is likely to be far from its xi m—1) approximation.
Table 1 displays the relative rejection frequencies of the null hypothesis Hy that the
DGP follows an AR(1) model, over the N replications. When they are outside the 5%
significant limits 3.65% and 6.35%, the relative rejection frequencies are displayed in
bold type. As expected the observed relative rejection frequency of the standard LB
test is very far from the nominal o = 5%. The results are worse for n = 1000 than for
n = 100. This is not surprising because, as we have seen, the asymptotic level is not
a = 5% when A # 0. In accordance with the theoretical, the Xi(m—l) approximation
is better for larger m. In contrast, the modified version of the LB test well controls
the error of first kind.

From this example we draw the conclusion that, for strong AR models with coeffi-
cients far from 0, the modified version may be preferable to the standard one.

TABLE 1: Empirical size (in %) of the standard and modified versions of the LB test in the
case of the strong AR(1) model (6.1).

m =2 m=3 m=06
n=100 n=1000 n=100 n=1000 n =100 mn = 1000
modified LB 4.6 4.1 4.7 5.4 4.4 6.1
standard LB 13.8 22.6 8.4 14.2 4.3 10.0

We now repeat the same experiments on a weak AR(1) model of the form given in
Example 2.4-3.1-4.1, defined by

X =AXi 1 +e, &= ( i =1L =2 > < e > id N'(0,5),  (6.2)
N2tN2t—172t-2 N2t

with A = 0.5I5. As expected, the standard LB test poorly performs to assess the
adequacy of this weak AR(1) model. The true AR(1) model is over-rejected by the
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standard version of the LB test. Based on the standard LB test, the practitioner is
likely to select a too complicated AR model. This could entail erroneous interpretations
and a loss of efficiency in terms of linear predictions.

TABLE 2: Empirical size (in %) of the standard and modified versions of the LB test in the
case of the weak AR(1) model (6.2).

m =2 m=3 m =6
n =>5000 n =10000 n =5000 n =10000 n =>5000 n = 10000
modified LB 49 4,6 4,6 4.2 3.8 40
standard LB 48,8 46,0 44,1 40,9 38,8 34,0

6.2. Empirical power

In this part, we consider N = 1000 replications of size n = 1000 and n = 2000 of a
weak AR(2) model defined by

Xe=A1 X1+ AXiote, &= < LT =1L =2 ) ) (6.3)
N2tN2t—17M2t—2

where ( n ) iid AV(0, 1), Ay = < 8% 8; > and Ay = < ! 0?1 >

For each of these N replications we adjusted an AR(1) model and perform standard
and modified portmanteau tests based on m = 2,3 or 6 residual autocorrelations. The
adequacy of the AR(1) model is rejected when the p-value is less than 5%. Table 3
displays the relative frequency of rejection over the N replications. In this example
the power of the portmanteau tests is not very high because As is close to zero. At
first sight one could think that the modified version is slightly less powerful that the
standard version. Actually, the comparison made in Table 3 is not fair because the
actual level of the standard version is generally greater than the 5% nominal level.

TABLE 3: Empirical power (in %) of the standard and modified versions of the 5% nominal
level LB test in the case of the weak AR(2) model (6.3).

m=2 m=3 m=06
n=1000 n=2000 n=1000 n =2000 n=1000 n = 2000
modified LB 54,9 84,8 45,8 82,6 38.6 74,5
standard LB 84,7 97,5 77,9 96,8 64.2 92.1

Appendix A. Complementary proofs
We need the following lemma for the proof of (2.5) and (2.6):

Lemma A.1. Let A be symmetric positive definite and B symmetric positive semi-
definite of the same order m. Then

Tr (A7'B) —logdet(A™'B) > Tr (A~ A) — logdet(A™* A) = m.
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Proof of Lemma A.1. There exists a non singular matrix P and a positive semi
definite diagonal matrix A = diag{\1, ..., A\, } such that

A=PP, B=PAP

(see Magnus and Neudecker, Theorem 1.23, 1988). Then A~'B = (P’)"'AP’. Using
Tr (CD) = Tr (DC) for matrices C and D of size d; X d2 and dy X dy, we obtain

Tr(A7'B) =Tr(A) = Y N, det(A'B) =det(A) =[] M.
i=1 =1
Note that the A\; are non-negative. Hence, using x —logz > 1,

m

Tr(A™'B) — logdet(A Z —logX;))>m. O

Proof of (2.5) and (2.6). Using elementary properties of the trace operator,

arg mén [n log (det %) {E ! ; (0 }]
= argmén [nlog(detE) { DZ ACIE }1

t=1

(énv 26)

where D = (I4,04xd; - - -,0dxaq) is such that e.(0) = Dé(0).
The parameter € enters only in the last term, which can be written as

Tr {DlzngZ(Xt—Ath)(Xt —Ath)l} = c1+c2+c3t+cy
t=1

c = Te {DST'D'Y (X — AKXy )(X, - A*Xt_l)’}

{ t=1
Cco = Tr {DEelD’ Z(Xt — A*Xt_l)Xé_l(A* - A)/}
6 = Tr {DZ€1D’Z(A* — DX (X - A*XH)’}
t=1

¢y = Tr {DEQD’Z(A* — DX, 1 X (A - A)’} :

t=1

We can remark that

n
-1 R CE A T T S
n Z(Xt -4 Xt*l)thl - EXhXt—l ZXthflE}?t,l,f(t,lzxt—l,xhl =0,
t=1



Multivariate Portmanteau test 19

80 ca = c¢3 = 0. Moreover, ¢4 is nonnegative for all values of A, and it is equal to zero

if and only if A = A*. Thus A = A* is the LS estimator of A, which shows (2.5).
Now in view of lemma (A.1) we find

nlog (det X.) { -1 Zet } = nlog (det X) + nTr (E7'%7)

nlog (det$¥) +n {Tr (L. Ee)—logdet (='E0)}
> nlog(det(X.*)) + dn,

where 3* = n= ' 31 €(8,)¢,(8,,). Since
nlog (det ¥) + Tr {(z:)l > et(én)e;(én)} = nlog(det(S*)) + dn,

the LS estimator of ¥, is 3. = ¥, and (2.6) follows.
Proof of Proposition 2.1. First note that if X is singular, then there exists
A€ R\ +#£0, such that

I e e Iy
0= SNTNX XN = - ( )
which entails XX, = 0 for ¢t = 1,2,...,n. Writing N = (\}, .. -, Ap) and using (2.2),
we have
NX, = Z)\ Xep1oi = Net + Ry

i=1
where R; is not correlated with €;. If A # 0 then Var(\NX;) = Var(\,e;) 4+ Var(R;) >
AZeA; > 0, in view of A3. Similarly, it Ay = --- = A1 = 0 and A, # 0 then

Var(/\’f(t) = Var(\ €t41-r) +AVar(Rt+1,T) > MY\ > 0. Therefore N X, is not
almost surely equal to 0, and Y% is almost surely invertible.

In view of (2.2) and Assumptions A2 and A4, (X;) and (X,;) are stationary and
ergodic (see Billingsley, 1995, , Theorem 36.4.). The ergodic theorem implies that,
almost surely,

Y

XeXeor %

XeXeor T EXtXt 1 and ij(t — Xy, = EXth
as n — 0o. Therefore

Ao BXX, (Ex-tx—;)“ = B (A% +a) Xl (BXX)) T4

using E& X/, = 0. The rest of the proof follows by the same arguments. [
Proof of Proposition 2.2. Using the Slutsky lemma,

NG (A A) ) ZetX L8 = % Y aXi 7 +op(1),
t=1
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Let Y = (Y;) defined by Y; = vec (étX,LJ. Since € is a measurable function
of X, and X,_1, it easy to see that ay(|h| +1) < ag(|h]) < ax(|h| — p), setting
ax(¢) = 1/4 for £ < 0. Thus A5 implies > 7% {ay (h)}*/**) < co and, using the
Holder inequality, || Y; |24 < oo for some v > 0.

Moreover by the Lebesgue theorem and the stationarity of (¥;) we have

[ 1
lim — ZZCOV(Yt,YS) = lim — Z (n—| h|)cov(Yy, Yien)
noeen t=1 s=1 nee |h|<n
= Z cov (Y, Yiop). (A1)
h=—o00

The existence of the last sum is justified by the Davydov inequality (1968): there exists
a constant K such that

[ e (et) e (ecains)f

The asymptotic normality of \/n (fl - /1) follows from the central limit theorem (CLT)

for mixing processes given by Herrndorf (1984). To obtain the form of the asymptotic
variance 2, note that

< Kllvee (@X7_,) I3, 0y (1)@,

-~ ~ 1 —
Jrvec (A - A) - (2; ® Idp) = 3 Y+ op(1)
t=1
cov (}/ta }/t*h) = k£ (thngfhfl ® gtgéfh) )

where the last equality is obtained from the elementary relations vec (ab’) = b ® a for
any vectors a and b, and (A ® B)(C ® D) = (AC) ® (BD) for matrices of appropriate
sizes. In view of (A.1), it follows that

oo

Q = (2;{1@1@) 3 E{Xt,lX;_h_le@gtg;_h} (2;{1@1@),

h=—o00

which entails (2.8).
The asymptotic distribution (2.9) comes from (2.7) and the fact that

V(0 — 0) = vn {1y ® (I, Odxd(p—1)) } vec (;i - Ao) :

Note that (2.3) yields
Y =(X®14)0 +e¢,

where Y = vec (X1,...,X,), X' = (5(0, . ,Xn_l) and € = vec (e,...,€,). Then it
can be seen that

n

A 71 _ A ~
b= {(X X)X 0L}y =n 'Y (53 K@ L) X,
t=1
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and

A _1 _ n A ~
Jn (en - 90) _ \/ﬁ{(gg) X' ® Id}§ =n 23R Xia@a,  (A2)
t=1
which gives (2.10). O
Proof of Theorem 3.1. First we will show the asymptotic normality of the joint
distribution of ¢, and 6,, — 8y. Using (3.1) and (A.2), we have

€t—1
Cm RIS - ® €
ﬁ((én—oo > = Mot TS

€t—m

2}(171th1 ® €

It is clear that T is a measurable function of Xy,..., X;_,_n. Thus the CLT applies
to the stationary mixing process (1), and we obtain

C

\/ﬁ( énj‘% ) = N(0,E).

To bring out the existence of =, note that from (3.2) we have

00 €t—1 00
Y., = Z E : Q€| [(€_1ps s €mn) ®E_p] = Z E (usuy_p,)
h=—o0 €tm h=—o00
and
o €t—1 00
Y. 0, = Z E ® € [E;X;_h_l ® e;_h} = Z E (upv;_y)
h=—o00 Et—m, h=—o00

It is clear that the existence of these matrices is ensured by the Davydov inequality
(1968). Then the result follows.

On the other hand, considering C}, and Tc(h) as values of the same function at the
points 6y and én, a Taylor expansion about 6y gives

~ 1 " 66,5(9) 6€t—h(9)
vec I'e(h) = vec Cp, + - Z {et_h(ﬁ) ® 20 + 50 ® e:(0)

t=h+1

()

(A.3)
where 6* is between 6,, and 6y. In view of the consistency of 6, and the fact that
et /00 is not correlated with e; when h > 0, it is easy to see that, under mild
assumptions,

0=0*

vecI'c(h) = vecCl, + E {eth ® %(90)} (én - 90) +op(n1?). (A.4)
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Similarly to (A.4), it follows

€t—1

'?m =cCm+ (I)m (én - 90) + OP(TL_I/2), (I)m =K ® _(90)

The expressions of ®,,, are obtained noting that in view of (2.3) we have

0 0
55 = 5 Ko~ {(X 0 X)) @ L} 6] = = (X] v XD ) @,

using the elementary relations a®b’ = ab’ for any vectors a and b, and (A®Q B)(C®D) =
(AC) ® (BD) for matrices of appropriate sizes. Then the asymptotic joint distribution

of ¢, and 0, — 6y shows that the asymptotic distribution of \/n79,,, defined by (A.4),
is normal, with mean zero, and covariance matrix

Varos (Vi) = Se,, + @By Oy + 5, 5 @+ DS

C7n>én'
From (A.3) we have \/nvec'c(0) = y/nvecCy + op(1). Moreover /i (vec Co—

Evec Cy) = Op(1) by the CLT for mixing processes. Thus v/n (S’e ®S. —S.® Se) =
Op(1) and, using (3.3) and the ergodic theorem, we obtain

n {vec (S’;lfe(h)égl) — vec (S;lfe(h)S;l)}
A A\ 1 N N A
- (SE ® Se) NG (SE S — 8 @ Se) (S. @ 8.) " Vavec T (h) = Op(1).
In the previous equalities we also use (A ® B)™! = A7! ® B~! when A and B are

“ N —1
invertible. It follows that p = In® (Sc © S.)  4m = In®(S. & 50" 4 + Op(nY).
We now obtain (3.4) from (3.3). O

Proof of Theorem 4.2. The proof is similar to that given by Francq, Roy and
Zakoian (2004) for Theorem 5.1. However, we will give the complete proof of the
corresponding Lemma A3 and A4 which are somewhat different from the original proof.
This is due to the fact that elements of X; are involved in the expression of Y;. Let
X,,= (T, ...,T;_,), we define with obvious notations

Yy oy = EY,T}, Yrx = EY. Y’ Yy x =EX T/

=t 1,1 =rt=nrt"
and
- I , e 1 < , R 1 & ,
ET,T = E TtTtu ET,IT = E Ttlnh Eiwir = E I7“,tIr,t'
n—Tt_l n—'l"til n—Ttil

Now let us state the following Lemma. The proof of this Lemma is the same of
Lemma A2 in Francq, Roy and Zakoian (2004).

Lemma A.2. Under Assumptions A1-A7,

-1
ET p e

R

= x

JERETIE

} <o

)

sup max { HET»IT
r>1
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Note that to obtain this result we have to consider the multiplicative matrix norm
defined by: [|A[| = sup), <1 [|[Az]| = p'/2(A’A), where A is a di x do matrix, ||z is
the Euclidean norm of the vector z € R%, and p(-) denotes the spectral radius. This

norm satisfies
2 2
A" < E a; ;
4,J
with obvious notations.
/
Lemma A.3. Let viy = Xj, 1—1-i€jp,ts Viy = Tjj t—1-i€js,t, Uit = € 1—i€jp,t and

up = €5 1€y ¢; where ji,ja, ji, 5, € {1,-- ,d}. Suppose that E;io{ax(k)}z’% <
oco. Then foriy,ia > 1

o0
sup Z | Cov (viy 0], 4 gs Viy 4—hV)y 4 p_s) | < 00 (A.5)
SEZL he—oo

o0
sup Z |C’ov (vihtu;%tfs,vil,t_hu’i%tfhfs)‘ < 0. (A.6)
SEZ he—oo

o0
sup Z | Cov (i, puly Uiy a—n, )| < 00 (A7)
SEZ he—oo

Proof. We will only give the proof of (A.5), the proofs of (A.6) and (A.7) are
similar. Note also that without loss of generality, we can take the supremum over the
integers s > 0, and consider the sum for positive h. Let ig = (i1 + 1) A (i2+1). Because
the process (e;) is a measurable function of (X, --- , X;—p) we have, using the Davydov
(1968) inequality

oo o0

Z |COV (Uil,tvgmtfsa Uil,t*hvgg,tfhfs) | < KO Z ||Xt||§+4u
h=s+i0+p h=s+ig+p

{ax(h—s—io—p)}77 .

By Assumption A7, the sum in the right hand side of the last inequality is bounded
by a constant independent of s. To deal with the terms for h < s+ ig + p, we write

Cov (Uil,tvzl'27t—sa Uil,tfhvl/‘zyt_h_s) = Cov (’Uil,tvil,t*hv vz{g,t—svz{g,t—h—s)
+E {vilqtvil ;tfh}E {Uéz,tfsv’EQ,tfhfs}
_E {Uil ;tv’EQ,t*S}E {vil )tfhv’EQ,t*h*S}

With the convention ax (k) = 1 for k < 0, we have

s+io+p—1 s+ig+p—1
Z |COV (Uil,tvil,t—h, U§2,t_svz{2,t—h—s)| < Ko Z ||Xt||§+4u
h=0 k=0

{ax(k+1—iy— i —p)}77
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s+ip+p—1 s+ig+p—1
> IE{vi i < Koo Y IXillie, {ax(h—in—p)}Fe,
h=0 h=0
s+ip+p—1
S |E{viah 3 < (s+io+p)Kol Xellya, {ax (s — i —p)} T,
h=0

Noting that it can be shown that sup,s, h{ax (h)}z’%” < 00, the right hand sides of
the three last inequalities are clearly bounded by constants independent of s. Then,
the expression (A.5) is bounded. O

Let X, , = (T,_y,..., T)_,)" and define

R Spg e ZY T T I o Y
=1 par

t=1

M>

Xgx =

We are now able to state the following Lemma.

Lemma A.4. Under Assumptions A1-AT or A1-A3 and A7, /7|35 1 —Zx x|
ﬁ“iTT — X~y 7|, and ﬁ”iTT — Yy || tend to zero in probability as n — oo when
r=o(n'/3).

Proof of Lemma A.4. First we need to define the following vectors

o T
i = Sl Ee ]l and 1=
€t—m «
)Nétq ® €t Tier
and let ; 0
2m 2m x d2
S =1® ( 0d2zxd2m Zd;(l édfz ) .

In addition we denote by XA]L»;,I; and Yy- v+ the matrix obtained by replacing T,

by Y7, in the expressions of respectively XA]L,L, and Xy ~y . Note that using the
notations introduced below, we have

IS SASIR = D15 SYSVED D )16 ) NS SHES o8 (2371; - Eii,li) 2. (A8)

Now we will determine the elements of the matrices il: o and Yy« v+, Let x;; the
j — th element the vector X;. For 1 < ij,i5 < m and 1 < r1,79 < r, the elements of
the {d®*(m +p)(r1 — 1) +d?(i1 — 1) +d(j1 — 1) + ja} — th row and {d*(m +p)(ro — 1) +
d?(ig —1)+d(j; —1) +j5} — th column of ¥y v+, is of the form =37 | e where

61(54) = €1 t—i1—r1 €ja,t—r1 €5 t—in—ra € t—ra and 1o = (Tl +i1) A (TQ +i2)' In the same
way the element of the {d?(m +p)(ry — 1) +d*m+d?(iy — 1) +d(j1 — 1) + j2 } — th row
and {d*(m +p)(r2 — 1) + d?(iz — 1) +d(j} — 1) + j4} — th column, the {d*(m + p)(r1 —
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D) +d®m+d?(in — 1) +d(j1 — 1) + j2} — th row and {d*(m + p)(ra — 1) + d*m + d>(is —

1)+d(j; — 1)+ 4} — th column of S+ v+ are of the form respectively —2— 37" w®

(4) (4)

1 n (4) . ) ) —
n—r Zt:r0+2 vy *, where wy 7 = %, 1—1-iy —r €5 t—ry €1 t—iz—r2€jh,t—r2 and v, " =

. . (4)
Ty t—1—iy—r €ja,t—m T t—1—in—ra €4 t—ro- BY stationarity of ("), we have

2
1 - (4) (4)
E E E
{ (n —-Tr e ) e
t=ro+1

n 2 2
1 3 4 (4 r—To )2
E{n—r (et Ba ) + n—r (Eet )

t=ro+1

n—ro—1 3 5
- G, e (@) () (5)

h——(n—ro—l)

2
n (4) ‘ r—To )2
(n —r)2 - ‘COV €i-n) +<n—r> (Eet ) ’

n ’I"2
K + ,
’ ((n—r)? <n—r>2>
for some constant K independent of r1,72,%1,i2 and r,n. Similarly, by stationarity of
(0,54)) and (w£4)) we obtain

2
1L« @ @) n r?
<
o (i 3, 0) o) < (5 i),
=ro

2
L, @) n r
E —F <K
{<2“’> B e A e

where K7 and K> are constants independent of rl, 7'2, i1,12. The last three inequalities
hold because by Lemma A.4 > 7 ‘COV €t4) €, h) Yo }COV vy vt(4)h)} and

and

IN

Zzo:ioo ’Cov wt(4), wt(i)h)’ are uniformly bounded in r; and ry. Let 0;; be the element

of the i —th row and j —th column of the matrix (iITL —¥x ). From the moment
assumption on the process (X;) we know that the elements of X, are bounded. Thus
using (A.8) we can deduce that

n r?
E(Uij)2 < Kd'(m +p)® ((n —r)2 + (n— T)2> ) (A9)

where K is a constant independent of r1,72,41,72. In view of (A.9) and Lemma A.2
we have

E {ﬂlir,x - ET,T|I2} <E {T||2T,L - ET,LHz}

S 2 6 4,3 n r?
<E{rllSx,x, - Sx,x 17} < Kd®(m +p)'r o o) =
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as n — 0o when r = r(n) = o(n'/?). Then, when r = o(n'/?)

Vit x, =Sy x| = op(l),
VrlIZTr — Srrll op(1), VrlErx —Srx | =op(l). (A.10)

Recall that é; = e;(0) are the residuals of the model (2.1). Let € = €,(6). We define
€§4), ﬁt(4), 1Dt(4) and T, by replacing ¢; by (), respectively, in e§4), vt(4), w§4), T,
Similarly we define €£4); @t(4), ﬁ)§4) with obvious notations. In addition we denote

by Y3 ¢ , 2§ 4 and X3 4 the matrices obtained by replacing Y; by T, in EIMIM
i]'rﬂlr and Yy v. Now, we will show that replacing & by & = ¢,(d) does not modify
the asymptotic behaviour of the estimators. It can be easily shown that, almost surely,

there exist constants K > 0 and p €]0, 1] such that, supyce- |€:(0) — e(0)] < Kp'.
Then we have for ¢ > rg,

é§4) _ g§4)‘
< K T &yt €5 it | F BT € iy €5 iy €t |
+Kptmr |gjl,tfilfrlgjg,tfrlgjé,tfm‘ + Kp'" ‘gjl,tfilfrlgjz,tfrlgji,tfigfm|
< Kp T Gt |+ K T € mia—ra |+ K T} { G| + KT}
FEp &G iy | €51 tmiamra| + K P T} {|€j0 0 ra| + Kp' 70}
+EK P TONE Gy tmiy—r1 €t | {|€j;,t—r2‘ + Kpt~o}
+KptTo ‘gjl,t—il—rl gjg,t—rggj;,t—ig—rg‘
3 !
< Kpt—ro d K3pBt-ro) +ZK(3—l)p(3—l)(t—r0) Z H e ||'S,
=1 thy b €T k=1
where 7; = 7;(t,r1, 72,11, 42) denotes a set of indices t1, ..., # such that

tke{t—il—Tl,t—Tl,t—iQ—TQ,t—TQ} for 1 <k <I.

In the same way, we have

@t(4) - ﬁ§4)‘

< “Tj17t—1—i1 —-ry ‘Tji7t—1—T2‘ ‘gjzﬂf—rl éjéﬂf—rz - gj?yt_Tl €j§7t—T2|

< ‘:Ejht*l*hfhzjiﬁ*l*w‘ {Kpt_rl gjé»t*w‘ + [(pt_r2 |€j2,t*7“1 |}

< g am1mi @i 1 | Kp KT A €y iy | F €t |}

< @1 @1 | {2 4 K&y |+ KT (6 [}
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and,
~(4 ~ (4
o — o]
< 1| 8t €51 g o €5ty — Ein b €41 iy~ €5 |
. ) t—r1 |z ) ;. t—ra—iz |z ;.
< |‘TJ1>t—1—11 —Tr1 | {Kp yejiyt_ZZ_TQ ejéﬂf—rz | + Kp ‘ejzﬂf—rl ejé,t—rz ’ +
t—ra |~ . )
Kp |632>t—T1 €l t—izg—r2 ‘
. . t—’l‘() t—’r‘o = ) t—’r‘o =
S |x31>t—1—11—7‘1|Kp {(Kp + }eji,t—lg—’r‘gp(Kp + ’6]5,1&—7‘2})

. t—ro g, =70 |z . )
+ |6J2,t—r1 | (Kp + |6J§,t—rz ‘) + Kp |632>t—T1 €j5 t—iz—rs ‘}

2 l
< Kpt_m |‘Tj17t—1—i1—T1| K2p2(t—r0) + ZK@_l)p@_D(t_TO) Z H || €ty || ’
=1 et €T k=1

By the Holder and Lyapunov inequalities,

l
ET] e I2< B sup || a(0) [°< . (A1)
paie 9co*

Then, for finite constants K{,K3 and K3 independent of ¢, 71, 72,41 and iz, we have
the following inequalities

é§4) B g§4)H2 < Kipl—To

o] < g

o™ 654)H < Kiptro
2
and, when r = o(n),

n—m

1 A(4)  (4) 1o & .
- - < =
— (et € ) < n—rKl Zp O(n7'). (A.12)
t=ro+1 9 k=1
1 n—m W u 1 ) 00 B
e (vt()—vt()) < n_rKQZpk:O(n . (A.13)
t=ro+1 2 k=1
LR (@ @ 1 = g .
25 @) = S own. w
t=ro+1 9 k=1

Similarly to the vectors T; and T;, we denote by TI, i:t and YI, i:t the vectors
obtained by replacing €; by €; and é; in Y} and l:,t' Thus, we can consider the matrices
iiji,iﬁ’ 2i:,i: which are obtained by replacing Y7, by respectively T;t and Y;t in
the expression of respectively XA]L,L and XAIY 4 - In addition we need to define the
following matrix

> Id2m Od2m><d2p
¥ =1, ol .
© ( O0qzpxazm E)-{l R I
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Using these notations we have,

VilEs 1 =B, 2 = VilIE S 18 — 2850 55, |

Zr) |l

< \/FHijrii:i:ir - Erii:7i:i:r + E,@A . A*XA) -3 ET* 2 |

< V(S - Er)ii;,ijir | +v7 | 2 (2 T Y*E Sgr x

< V(S 105 — Bge 5050 + g0 4050 — Do 53, N
+Vr | (2 - Er)ii:i;ir |

< VS = Z0) 85 320 | VT [ SeBge 42 (80 = Z0) |

VT g g = B g 2 P

The terms in the right hand side of the last inequality tend to zero when r = o(n'/3).
Indeed, from standard arguments, inequality (A.11) and the moment assumption on

the process X; we have

nhjrgo NG [ Eriiiyii (ir - %) [I= HILH;O VT | (ir - Er)ii:yiiir [=0

In addition, from the inequalities (A.12), (A.13) and (A.14) we obtain
PV S S e e R
= m VE S =5 S e~ S g 5 |

= Jim Ve[ 5 (1] 2gr g0 = 2gn g 112 =20 =0

Then we can conclude that when r = o(n'/3)

Dim VPS¢ =y 5 I = lim VY5 - g g

o= n—00

= lim V735 —Sgg I =0.

n— o0 L r

(A.15)

Now we will show that we can replace €; by €;. First using the notations introduced,

it is easy to see that

1% . —Sr x, |I=I Er(iim: Syexe) S |

Note that the general term of (2i* A= 21:@:) is of the form (¢;
€ (é) — €t

T (w§4) — ﬁ)§4)). A Taylor expansion about 6y yields

| 527 €:(6%)|| where * = 6*(t,n) is between 6 and 6.
Thus, for t > rg,

61(54) _ g§4) ‘

% -
+€j2t 1 ‘ejlt i1—r1 €41 t—ia—ra €4l t— T2‘

+e/t i — Tg‘ejlt 11— T16J2t Tlejgt T2‘

+€; Jhit—r2 }6]17,5 i1 — T16J2>t Tlejlyt ig— Tz}}'

<€

(0 _ a0y ()

y (Ut

0 — 0

A *
[0 =00 {65 0isrs [esmimmi s msamrarp ]

t

_ ,5(4))
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In the same way we write

(4) _ ~(4) j *
v = 0 — 00|\ {€, 06— [Th 1 —ia @1 11 i€ 1|
X .
—I—ejé)t,rz |Ij1,tflfilfrlejg,tfrlzj{,tflfmfig}}
and
4) 4)
‘wt - 0— bo {ejgt r |x31,t 1—ir—r1 €5 t—ia—r2 €)1 — Tz‘

+€; Jit—ia— 7‘2‘ Ljy,t—1—iy— T1€J2>t r1 €5, t— T2’
+e/t m‘zn,t 1—iy—r1 €ja t— hegl,t ip— T2|}'

Note that, in the previous inequalities, the L2-norm of the terms into brackets is
bounded, uniformly in ¢, n,r, 72,4, and i2 because

0
Ele® < E sup 6—;

8
(9)H < 00, E | e |®< oo, and E & |®< oo.
0cO*

Using the Jensen inequality, it follows

2
1 n
{ S (e§4>_g§4)} o~ eH ) rmias
n—r 521,72,
t=ro+1
IR ’
(0 _ ;@ @
(e 32 () | <o o2
t=ro+1
IR ’
(7.5 ) <l
n—r 11,72,
t=ro+1

< K* k € {1,2,3}, for some constant K* independent

n T11111T2>'L2

where F ‘D(k)

of n,7r1,72,41 and is. We deduce that r||f]r xr =2 1 1% T”i'r)'r — f)T +]1?, and
—ro=r x,.,1, s

]é—ooﬂzop(n,r H20p(1>

r|Srx — iii || are respectively bounded by r3

2 R
and 1?2 H Op(1). Since H6‘ - HOH = Op (n=1/2), we obtain for r = o(n'/?)
\/_||ET X, —E e | = op(1),
VrlBy T - ET zll = or(1), (A.16)

VilErx, =S5z | = or(L).

The proof of the lemma follows from (A.10), (A.15) and (A.16). O
Recall that we have the AR(co) model

A(B)Tt = Tt - ZAiTt—i = U¢,

=1
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where Y0 || Ai]l < oo and det(A(z)) # 0 if |z] < 1, and that we have the regression

T

A’I"(B)’i‘t = YA‘t - Ar,i’i‘tfi = YA‘t - AATim =yt

where AT = (Am . --/lm) = 2TI $=' . . Now introduce the regression of Ty on
thl, ceny thr defined by

Ar(B)Yr =T = > AT i =Te =AY, =ty ey L{Te 1 Toy}
=1

where A, = (Ap1---Ary) = ZTvLEil,I . Writing A% = (A;...A,) and using
standard computations we have

A -aw)| < ¢E%{w&—Ar+m§—Aw}+_§%& (A.17)
and
s = el o (4 - £) (g -5 )|
+[ (A=) 2 | + 40 (B, -2 )|
> amr_y. (A.18)
el

The arguments used to show that the terms in the right hand side of (A.17) and (A.18)
tend to zero when r = o(n1/3) can be extended directly from Francq, Roy and Zakoian
(2004). Indeed, using some computations and Lemma A.2 and A.4 we have for every
e>0

P(\/F

»oloo— E;lx H > 6)

x,.x,
~ g
< Pvr[®s 2 —Trox|> 2
X, Hz;flﬁf +er—1/2 ’ 2;11T
~ —1
4P (ﬁHEi 5 - ELLH > HEilm ) — o(1).
Then we obtain
M%Eﬁ%gﬂ=wm- (A.19)

Using (A.19) and Lemma A.2 we have

|2

G—1 —1 —1
< Hzf T _EL,LHJFHEL,L

R

P = 0,(1)

JE R
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we can deduce that

VA, — A = Vr 2@325)3—ET,LEii,LH
= V|| (B, - D) 87y 8er, (855 - Txl )| = or()

Moreover, using Lemma A.5 in Francq, Roy and Zakoian (2004), it can be shown

that .
> A

i=r+1

VA=A =0 and

— 0,

as 7 — o0o. In view of (A.17) we can conclude that A.(1) = A(1). Similarly it can be
shown that X4, 4, — X, in probability.
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